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  LINEAR AND EXPONENTIAL 
FUNCTIONS     

       3.1  Linear Functions: Constant Rate of Change    

      3.2  Exponential Functions: Constant 
Proportional Change    

      3.3  Modeling with Exponential Functions     

        This chapter explores the first of 
four major classes of functions — and 
arguably the most important functions 
for calculus (and all of mathematics): 
linear and exponential functions. These 
two types of functions are discussed 
together in this chapter because each 
has a simple characterization in terms 
of rates of change: Linear functions 
have a constant rate of change, and 
exponential functions have a constant 
proportional rate of change. Such 
characterizations will enable you to 
model many real-world phenomena.   
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182 CHAPTER 3 Linear and Exponential Functions

 It is almost impossible to overstress the importance of linear and exponential func-
tions in mathematics, functions that are most often recognized by their rates of 
change. You will encounter applications of these functions more frequently than 

other functions in mathematics. 
 As early as 1798, Thomas Robert Malthus ( Figure 3.1  ) used rates of change to 

offer a dire warning: “Population, when unchecked, increases in a geometrical ratio. 
Subsistence increases only in an arithmetical ratio. A slight acquaintance with num-
bers will shew the immensity of the first power in comparison of the second.” In mod-
ern terms, Malthus points out that population grows exponentially, but the growth 
of resources is linear in nature. As we shall see, this state of affairs is untenable in the 
long term. Malthus’s claims oversimplify a complex situation, but it remains true that 
exponential functions are fundamental in modeling population growth, among many 
other phenomena. 

       3.1  Linear Functions: Constant Rate of Change   

   Linear functions are widely used as models because they are the functions 
that show a constant rate of change.   

    In this section, you will learn to:  
    1.   Calculate the average rate of change by using the definition of a linear function.  

   2.   Explain the relationship between a linear function and a straight line.  
   3.   Find function values for a linear function using the rate of change.  
   4.   Calculate the equation of the secant line for a given function over a given interval.  
   5.   Solve applied problems involving linear functions.  
   6.   Solve applied problems involving regression lines.    

 In many ways, linear functions are the simplest of all functions, and these sim-
ple functions have simple graphs: straight lines. Linear functions are used to model 
such diverse phenomena as rising home prices, temperature change, forest litter, sports 
records, and much more. Straight-line graphs are so common that finding a news site 
without them is difficult. 

 In mathematics, linear functions are fundamental building blocks, and a key fea-
ture of calculus is the use of linear functions to understand more complicated func-
tions. The crucial fact is that linear functions have a constant rate of change.  

    Constant Rate of Change   

   The average rate of change of a linear function does not depend on the 
interval over which it is calculated.   

 A tank initially contains 30 gallons of water. A tap is opened to provide a constant 
flow of 3 gallons per minute of water into the tank. We can use this information to 
find a function that gives the volume   V  , in gallons, of water in the tank after   t    minutes. 
We started with 30 gallons, and the volume is increasing at a constant rate of 3 gallons 

     Figure   3.1     Thomas Robert Malthus, 
1766–1834 Photos.com/Getty Images   

   3.1 Linear Functions: Constant Rate 
of Change  

   3.2 Exponential Functions: Constant 
Proportional Change  

   3.3 Modeling with Exponential 
Functions  

3
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3.1   Linear Functions: Constant Rate of Change 183

per minute. So the volume is 30 gallons plus 3 gallons for each elapsed minute. These 
words translate to a simple formula: 

= +3 30V t

 The reason we are able to make the jump from a verbal description to a formula is that 
in this instance the volume is increasing at a constant rate. A function, like this one, 
with a constant rate of change is a    linear function   , and, just as in this example, the rate 
of change is intimately tied to the formula for linear functions. 

      A   linear function   is a function with a 
constant rate of change.  

  LAWS OF MATHEMATICS: Formula for a Linear Function  

 To write the formula for a linear function, we need the rate of change and the 
initial value (the value of   y   when   = 0x   ): 

= × +Rate= ×Rate= ×of= ×of= ×change= ×change= × Initial valuey x= ×y x= ×Ratey xRate= ×Rate= ×y x= ×Rate= ×ofy xof= ×of= ×y x= ×of= ×changey xchange= ×change= ×y x= ×change= ×

 If we use   m   for the rate of change and   b   for the initial value, the equation takes 
the familiar form 

= +y m= +y m= +x b= +x b= +

    The next example gives an algebraic look at the relationship between linear func-
tions and average rates of change. 

     EXAMPLE   3.1  Average Rate of Change for a Linear Function   

 Consider the linear function 

= +( )f x mx b

    a.   Calculate the average rate of change of   f    from   = 2x    to   = 4x   .  
   b.   One reason that   m   is referred to as the rate of change for this linear function is that the average rate of 

change over any interval has the same value   m  . Verify that if   ≠p q  , the average rate of change of   f    from 
=x p   to   =x q    is   m  .    

   SOLUTION  

    a.  Section 1.2 explained that the average rate of change of a function   f    from   =x p    to   =x q    is given by
f q f p

q p
=

−
−

Average rate of change
( ) ( )

  We use   = +( )f x mx b  ,   = 2p    and   = 4q    in this formula: 
f f

m b m b

m

m

=
−

−

=
+ − +

−

=

=

Average rate of change
(4) (2)

4 2

(4 ) (2 )
4 2

2
2

 Thus, the average rate of change is   m  .  

 ◂ Apply the formula for f.

◂ Simplify.

◂ Cancel. 
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184 CHAPTER 3 Linear and Exponential Functions

EXTEND YOUR REACH  a. Assume that = ( )y f x  is a linear function. At = 2x , the rate of change of f  
is 7. What is the rate of change of f  at = −2x ?

 b. Assume that = ( )y g x  is a function with =(2) 5g , =(3) 9g , and =(5) 16g . Is 
it possible that g  is a linear function? If so, explain why. If not, find a value 
for (5)g  that would change your answer to the question.

CONCEPTS TO REMEMBER: Properties of Linear Equations

The graph of the linear function = +( )f x mx b is the graph of the linear equa-
tion = +y mx b.
• The graph is a straight line with y-intercept (initial value) b and slope (rate 

of change) m.
• The rate of change of the linear function is the slope m. The slope is given by

m f
y
x

y
x

= = = = =
∆

∆
Rate of change of Slope

Change in
Change in

Rise
Run

• Each unit of run (or ∆x) corresponds to m units of rise (or ∆y). This fact is 
expressed in a rearrangement of the formula for the slope:

∆ = ∆y m x

 b. We perform the calculation again, this time from =x p to =x q :

 

f q f p
q p

mq b mp b
q p

m q p
q p

m q p
q p

m

=
−
−

=
+ − +

−

=
−

−

=
−

−

=

Average rate of change
( ) ( )

( ) ( )

( )

( )

Thus, the average rate of change is m, regardless of the interval used for the calculation.

TRY IT YOURSELF 3.1 Brief answers provided at the end of the section.

What is the average rate of change on any interval of f x x( ) 5 4= − ?

◂ Apply the formula for f.

◂ Simplify and factor.

◂ Cancel.

Graphs of Linear Functions

The graph of a linear function is a straight line.

The graph of the linear function = +( )f x mx b is the graph of the equation = + .y mx b  
These graphs are straight lines, as described in Section P.1. A reminder is in order.
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3.1   Linear Functions: Constant Rate of Change 185

  The effect of varying the slope and   y   -intercept is illustrated in  Figure 3.2
and   Figure 3.3  .  

         Figure   3.2      Lines with various slopes   
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      Figure   3.3      Lines with various   y   -intercepts   
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      Figure   3.4      The graph of   ( )f x   : a line 
through the points   (0, 4)−    and   (2, 0)     
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     EXAMPLE   3.2  Constructing and Graphing a Linear Function   

  Let   f    be a linear function with initial value   −4   and rate of change 2.  
    a.   Find the formula for   f  .  
   b.   Plot the graph of   f  .    

   SOLUTION  

    a.  We use the given values in the formula for a linear function:

     = × +( ) Rate of change Initial valuef x x     

     = −( ) 2 4f x x     

    b.   Section P.1 described various methods for plotting the graph of a linear 
equation. Perhaps the simplest is to plot two points and then produce 
the line joining them, as shown in  Figure 3.4   using the points   −(0, 4)    
and   (2, 0)  .   

      TRY IT YOURSELF 3.2 Brief answers provided at the end of the section.   

 Find the equation for the linear function with initial value 3 and rate of change   −1  . Then plot the graph.   

     EXAMPLE   3.3  Using Rate of Change to Find Function Values   

  Suppose that   ( )f x    is a linear function with rate of change 2. Assume in addition that   = −(4) 1f   . What is the 
value of   (9)f   ?   

    The domain of a linear function is the set of all real numbers. If   ≠ 0m   , the range 
of the linear function   = +( )f x mx b   is also the set of all real numbers. When   > 0m   , 
this function is increasing, and it increases without bound as   → ∞x   . When   < 0m   , this 
function is decreasing, and it decreases without bound as   → ∞x   . 
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186 CHAPTER 3 Linear and Exponential Functions

SOLUTION

The change in x from = 4x  to = 9x  is ∆ = − =9 4 5x . The first step is to 
use the rate of change, = 2m , along with ∆ = 5x  to calculate ∆y:

∆ = ∆

= ×

=

2 5

10

y m x

Hence, the change in y is 10. That means y changes from = −(4) 1f  to

 

y y= − + ∆

= − +

=

New -value 1

1 10

9

This gives our final answer: =(9) 9f .

This process is illustrated in Figure 3.5, which shows how the change in x 
and change in y lead to the desired function value.

TRY IT YOURSELF 3.3 Brief answers provided at the end of the section.

Suppose that ( )g x  is a linear function with slope −2 and that =(5) 9g . Find (8)g .

Figure 3.5 The rate of change used to 
find one function value from another
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EXAMPLE 3.4 Finding Equations of Secant Lines

Section 1.2 explained that the secant line for a function f  for the interval [ , ]a b  is the line through the points 
( , ( ))a f a  and ( , ( ))b f b . Consider the function =( ) 2f x x . Find the equation of the secant line for f  for the 
interval [2, 4].

SOLUTION

Because = =(2) 2 42f  and = =(4) 4 162f , the secant line passes through the points (2, 4) and (4, 16). We can 
use these points to find the slope of the secant line:

y
x

=
∆

∆

=
−

−

=

=

Slope

16 4
4 2

12
2

6
Because the slope is = 6m  and the line goes through the point =(2, (2)) (2, 4)f , we can use the point-slope 
form to find the equation we seek:

 

y x

y x

y x

− = −

− = −

= −

4 6( 2)

4 6 12

6 8

◂ Use the point-slope form.

◂ Apply the distributive law.

◂ Add 4.

04_crauderprecal1e_1581_ch03_181-239_5PP.indd   186 11/03/20   12:59 PM

Copyright ©2022 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



 3.1   Linear Functions: Constant Rate of Change 187

TRY IT YOURSELF 3.4 Brief answers provided at the end of the section.

Find the equation of the secant line for = −( ) 13g x x  for the interval [1, 3].

Figure 3.6 The secant line for the interval [2, 4]
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For a linear function = +( )f x mx b, find the equation of the secant line through 
two points on the graph of f . Do this in two ways: by using the point-slope form 
as in the example, and by picturing a secant line for the graph of a linear function.

EXTEND YOUR REACH

In Figure 3.6 we show the 
graph of = 2y x  together 
with the secant line.

EXAMPLE 3.5 A Cookie Jar

My cookie jar originally contains $50. My sweet grandmother adds $10 to the jar each week.
 a. Explain why the amount of money M, in dollars, in the jar is a linear function of the number w of weeks 

since Grandma started putting money in the jar.
 b. Find a formula that gives the amount of money in the jar after w weeks.

SOLUTION

 a. The amount of money in the jar is linear because it changes by the same amount, $10, each week. That 
is, the rate of change is constant. Thus, the amount of money in the cookie jar is a linear function of the 
number of weeks.

 b. The rate of change of the function is $10 per week because that is the change each week. The initial value is 
$50. Hence, the amount of money is given by

 = × +Rate of change Initial valueM w

 = +10 50M w

MODELS AND 
APPLICATIONS Temperature Conversion and More

In real-world settings, we typically recognize that a function is linear by the fact that its rate of change, or 
slope, is constant. Understanding the meaning of the slope in such settings is a key to solving problems. 
The following example illustrates this point.
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188 CHAPTER 3 Linear and Exponential Functions

TRY IT YOURSELF 3.5 Brief answers provided at the end of the section.

There was originally $200 in my cookie jar. My sneaky sister steals $10 each week from the jar.
 a. Explain why the amount M, in dollars, of money in the cookie jar is a linear function of the number w of 

weeks since my sister started stealing.
 b. Express M  as a linear function of w.

Example 3.5 is simple, but that is the point. In this case, it is easy to recognize the 
role of the rate of change and how it ensures that the formulas for linear functions 
apply. More interesting examples follow.

EXAMPLE 3.6 Converting from Celsius to Fahrenheit

Celsius and Fahrenheit are common temperature scales. It is a fact that a °1  increase on the Celsius scale always 
corresponds to a fixed increase on the Fahrenheit scale.

 a. Think of the temperature F  on the Fahrenheit scale as a function = ( )F F C  of the temperature C  on the 
Celsius scale. Explain why F  is a linear function of C .

 b. On the Fahrenheit scale, °32  is the freezing temperature of water at sea level. This occurs at °0  on the Celsius 
scale. Also, °212  Fahrenheit is the boiling temperature of water at sea level. This occurs at °100  Celsius. Find 
the rate of change of F  as a linear function of C , and explain its meaning in terms of the temperature scales.

SOLUTION

 a. Because a °1  increase on the Celsius scale always 
corresponds to a fixed change on the Fahrenheit scale, 
the rate of change of F  in terms of C  is constant. So F  
is a linear function of C .

 b. The freezing and boiling points of water tell us that

 = =(0) 32 and (100) 212F F

In geometric terms, the graph of F  as a function of C  
passes through the points (0, 32) and (100, 212), as 
shown in Figure 3.7.

So the slope is

F
C

= =
∆

∆

=
−

−

= °

Rate of change Slope

212 32
100 0

9
5

Fahrenheit
  per degree Celsius

Each °1  increase on the Celsius scale corresponds to 

an increase of 
9
5

°
on the Fahrenheit scale. This fact is 

illustrated in Figure 3.8. Note that the slope has definite 
units associated with it: degrees Fahrenheit per degree 
Celsius. These units are often very helpful in figuring 
out how to interpret and use the slope.

Figure 3.7 Fahrenheit versus Celsius: The graph of  F  
versus C  passes through the points (0, 32) and (100, 212).
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Figure 3.8 Fahrenheit versus Celsius: A 1° increase 
in C  corresponds to a 9
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° increase in F.

F

C

DF 5 9
5

DC 5 1

F
 5

 d
eg

re
es

 F
ah

re
nh

ei
t

C 5 degrees Celsius

04_crauderprecal1e_1581_ch03_181-239_5PP.indd   188 11/03/20   12:59 PM

Copyright ©2022 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



 3.1   Linear Functions: Constant Rate of Change 189

TRY IT YOURSELF 3.6 Brief answers provided at the end of the section.

Use the slope we found in part b and the fact that °32  Fahrenheit corresponds to °0  Celsius to determine the 
temperature in degrees Fahrenheit when the temperature is °5  Celsius.

EXAMPLE 3.8 Proportionality

Is the circumference of a circle proportional to the radius? If so, what is the constant of proportionality?

SOLUTION

We get the circumference C  from the radius r using the formula π= 2C r. The circumference is indeed a 
constant multiple of the radius, so a proportionality relationship holds. The constant of proportionality is the 
multiplier (the rate of change) π2 .

A consequence of our observations is that the graph of circumference versus radius is a straight line through 
the origin with slope π2 . This is shown in Figure 3.9.

The quantity A is proportional to 
the quantity B  if =A kB  for some 
constant k.

The constant of proportionality 
is the constant multiple k  in the 
proportionality relationship =A kB.

To say that one quantity is proportional to another means that the one is a con-
stant multiple of the other. In a proportionality relationship, the constant multiple is 
called the constant of proportionality.

For example, a linear function = +y mx b  is a proportionality relationship precisely 
when = 0b , in which case the equation is =y mx. The slope m of a proportionality 
relationship is the constant of proportionality.

EXAMPLE 3.7 An Erroneous News Article

A news story released by Reuters on March 19, 2002, erroneously reported that the Antarctic peninsula had 
warmed by °36  Fahrenheit over the past half-century. Such temperature increases would result in catastrophic 
climate changes worldwide, and it is surprising that an error of this magnitude could have slipped by the 
editorial staff of Reuters. We can’t say for certain how the error occurred, but it is likely that the British writer 
saw a report that the temperature had increased by °2.2  Celsius. What was the actual increase in Fahrenheit 
temperature? Can you suggest a plausible scenario for why the Reuters reporter got it wrong?

SOLUTION

As we noted in Example 3.6, each °1  increase on the Celsius scale means an increase of 
9
5

1.8= ° on the 

Fahrenheit scale. It follows that an increase in the Antarctic temperature of °2.2  Celsius means an increase of 
× = °2.2 1.8 3.96  Fahrenheit — not the °36  increase reported by Reuters.

Because °32  Fahrenheit corresponds to °0  Celsius, a temperature of °2.2  Celsius corresponds to a temperature 
of + = °3.96 32 35.96  Fahrenheit. That is about °36 , the number reported by Reuters. It appears the reporter 
may have confused temperature with change in temperature.

TRY IT YOURSELF 3.7 Brief answers provided at the end of the section.

If average temperatures in a certain region decreased by °3  Celsius, what would be the corresponding 
Fahrenheit temperature change?
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190 CHAPTER 3 Linear and Exponential Functions

EXTEND YOUR REACH This section has noted several cases in which linear functions apply to real-world 
phenomena. Discuss several other natural occurrences of linear functions.

2Data from Size and Cycle, J. T. Bonner, Princeton University Press, Princeton, NJ, 1965.

Figure 3.9 Circumference versus radius:  
The circumference is proportional to the radius.
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TRY IT YOURSELF 3.8 Brief answers provided at the end of the section.

Is the area of a circle proportional to the radius?

EXAMPLE 3.9 Running Speed of Animals

The following table shows the running speed of various animals versus their length.2

Animal == LengthL  (inches) == SpeedS  (feet per second)

Deer mouse 3.5 8.2

Chipmunk 6.3 15.7

Desert crested lizard 9.4 24.0

Gray squirrel 9.8 24.9

Red fox 24.0 65.6

Cheetah 47.0 95.1

 a. Use a calculator or computer to find the regression line for the data.
 b. Plot the data, and then add the regression line.
 c. What running speed does the regression equation give for an animal that is 11 inches long?

MODELS AND 
APPLICATIONS

Linear regression is a method of approximating data points with a line called the regression line. The method is 
impractical for hand calculation but is implemented on many platforms, including calculators and spreadsheet 
software.

Regression Lines
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3.1   Linear Functions: Constant Rate of Change 191

   SOLUTION  

    a.   A calculator provided the regression equation   = +2.03 5.09S L    (where we rounded to two decimal places).  
   b.   The data from this table are graphed in  Figure 3.10  . The regression line is added in  Figure 3.11  .

         c.  We estimate the running speed of an animal that is 11 inches long using this formula:

= +

= × +

≈

2.03 5.09

2.03 11 5.09

27.42 feet per second

S L

      TRY IT YOURSELF 3.9 Brief answers provided at the end of the section.   

 Explain the meaning of the slope of the regression line in terms of the running speed and length.     

      Figure   3.10      Data for running speed versus length   
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      Figure   3.11      Running speed versus length: regression line added   
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 Is it always appropriate to fit data with a regression line? What properties 
of data points might suggest the appropriate use of a regression line? What 
characteristics of the phenomenon being modeled might suggest the appropriate 
use of a regression line?    

   EXTEND YOUR REACH  

  CONCEPTS TO REMEMBER: Nonconstant Linear Functions  

Defining property : Constant rate of change. Defining property : Constant rate of change. Defining property
Formula :   Formula :   Formula = +( )f x( )f x( ) mx= +mx= + b  , where   ≠ 0m    is the slope and   b   is the initial value. 
Domain : All real numbers. 
Range : All real numbers. 
Graph : Straight line. 
In the long term : 
  Positive slope:   f x → ∞( )f x( )f x    as   → ∞x    and   f x → −∞( )f x( )f x    as   x → −∞.
  Negative slope:   f x → −∞( )f x( )f x    as   → ∞x    and   f x → ∞( )f x( )f x    as   x → −∞.
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192 CHAPTER 3 Linear and Exponential Functions

 3.1 The average rate of change is 5.
 3.2 = − +( ) 3f x x

  

y

x

4

2

22

4222

y 5 2x 1 3

 3.3 =(8) 3g
 3.4 = −13 13y x
 3.5 a.  The amount of money changes by the same 

amount, −10 dollars, each week.
   b. = − +10 200M w

 3.6 °41  Fahrenheit
 3.7 The temperature would decrease by 

°5.4  Fahrenheit.
 3.8 No.
 3.9 The regression line tells us that on average each 

inch of increase in length results in an additional 
2.03 feet per second of running speed.

TRY IT YOURSELF ANSWERS

 1. What are the common names for m and b for the 
linear function = +( )f x mx b?

 2. How are linear functions characterized in terms of 
rates of change?

 3. If the independent variable of a linear function is 
increased by 1 unit, which is true?

 a. The slope is added to the function.
 b. The function is unchanged.
 c. The function is multiplied by the slope.
 d. None of the above.

 4. True or false: If y is proportional to x, then y is a 
linear function of x.

 5. True or false: A constant rate of change always 
indicates a linear function.

 6. True or false: If y is a nonconstant linear function 
of x, then x is a linear function of y.

 7. Suppose y is proportional to x. If x is doubled, 
what is the effect on y?

 8. The graph of a linear function is .
 9. Which linear functions are increasing functions?
 10. The graph of a linear function with slope 0 is 

.
 11. A student says she wants the linear function whose 

graph passes through the points (1, 3) and (1, 5). 
What answer would you give?

CHECK YOUR UNDERSTANDING

EXERCISE SET 3.1

Finding formulas. In Exercises 12 through 26, find the 
formula for the linear function ( )f x  that satisfies the 
given conditions.

 12. The initial value is −4, and the rate of change is 5.
 13. The initial value is 9, and the rate of change is −1.
 14. The initial value is 2, and the rate of change is 0.
 15. The initial value is 0, and the rate of change is 0.
 16. The initial value is −6, and the rate of change is 5.
 17. The initial value is −6, and the rate of change is −5.

 18. The initial value is 0, and the rate of change is 3.
 19. The graph of f  passes through the points (2, 3) 

and (4, 7).
 20. The graph of f  passes through the points (1, 3)−  

and (6, 4).
 21. The graph of f  passes through the points (1, 3)−  

and (10, 3)− .
 22. The graph of f  passes through the points ( 4, 5)− −  

and (6, 8).

SKILL BUILDING
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193 3.1   Exercise Set

 23. =(2) 7f  and − =( 1) 4f
 24. − = −( 2) 3f  and =(0) 9f
 25. =(8) 7f  and = −(2) 1f
 26. − = −( 2) 7f  and =(2) 7f

Secant lines. In Exercises 27 through 32, find the 
 equation of the secant line for the given function for the 
given interval.

 27. =( ) 2f x x  for the interval [2, 5]
 28. =( ) 3f x x  for the interval [1, 4]
 29. =( )f x x  for the interval [9, 64]

 30. f x
x
x

=
+

−
( )

1
1

 for the interval −[ 2, 7]

 31. = + −( ) 12f x x x  for the interval −[ 2, 5]

 32. f x x=( )
1

 for the interval [3, 9]

Finding function values. In Exercises 33 through 36, 
find the indicated function value without first finding a 
formula for the linear function.

 33. f  is a linear function with rate of change 2, and 
=(7) 32f . What are (8)f  and (10)f ?

 34. f  is a linear function with rate of change 3, and 
=(5) 1f . What are (8)f  and (4)f ?

 35. f  is a linear function with slope 0, and =(100) 2f . 
What are (76)f  and (301)f ?

 36. f  is a linear function with slope −2, and =(6) 0f . 
What are (4)f  and (8)f ?

Matching. In Exercises 37 through 42, match the given 
graph with the appropriate linear function from the 
 following list:

 A. = +( ) 1f x x
 B. = − +( ) 1f x x
 C. =( )f x x
 D. = −( ) 2 1f x x
 E. =( ) 2f x
 F. = − +( ) 2 1f x x
 37. y

x

4

2

22

24

422224

 38. y

x

4

2

22

24

422224

 39. y

x

4

2

22

24

422224

 40. y

x

4

2

22

24

422224

PROBLEMS
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194 CHAPTER 3 Linear and Exponential Functions

 41. y

x

4

2

22

24

422224

 42. y

x

4

2

22

24

422224

Proportionality. In Exercises 43 through 57, deter-
mine whether the relationship described is a propor-
tionality relationship. If it is, identify the constant 
of proportionality.

 43. If each step in a staircase rises 8 inches, is the 
height of the staircase above the base proportional 
to the number of steps?

 44. If we drive for 3 hours with the cruise control set 
(so that the speed is always the same), is the total 
distance driven proportional to speed?

 45. At a certain sale, you can buy CDs for $14 each. 
But if you buy 10 or more, you get them for $13 
each. Is the total cost proportional to the number 
of CDs bought?

 46. If sodas cost $0.75 each, is the amount of money we 
spend on sodas proportional to the number we buy?

 47. Is the radius of a circle proportional to the 
circumference?

 48. Is the perimeter of a square proportional to the 
length of a side?

 49. Is the area of a square proportional to the length of 
a side?

 50. Is the area of a square proportional to 
its perimeter?

 51. Is the area of a triangle with a fixed base 
proportional to its altitude?

 52. Is the volume of a balloon proportional to 
its diameter?

 53. Is the amount (in volume) of pizza with a fixed 
thickness proportional to its diameter?

 54. Is the area of a computer screen proportional to the 
length of its diagonal?

 55. Is the amount of sales tax you pay proportional to 
the purchase price?

 56. At a given time of a given day, is the value of the 
money in your wallet in euros proportional to its 
value in dollars?

 57. Is length in yards proportional to length in meters?

Finding the regression line. In Exercises 58 through 60, 
use a calculator or computer to find the regression line for 
the given data. Then plot the data and the regression line 
on the same screen. Round to two decimal places.

 58. 

 59. 

 60. 

x 1 3 4 5 7

y 0.1 3.2 4.4 6.8 12.3

x 1 3 4 5 7

y 9.3 3.6 2.1 1.4 −6.2

x 1.3 2.5 5.2 6.7  8.4

y 1.2 4.3 7 .7 10.4 19.3

 61. A struggling farm. Suppose that $125,000 is used 
to buy equipment for a farm. It costs $3000 per 
year to maintain the equipment.

 a. Explain why the total amount E, in dollars, 
spent on equipment is a linear function of the 
number t  of years of operation of the farm.

 b. Find a linear formula that gives E  in terms of t.

 62. Converting to solar power. A family invests $2500 
to convert to solar power. The conversion saves 
$230 per month on energy costs. Find a formula 
that gives the net savings N, in dollars, on energy 
after t  months.

 63. Inflating a balloon. The volume of air in a balloon 
is a linear function of time, with slope 10 cubic 

MODELS AND APPLICATIONS
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195 3.1   Exercise Set

inches per minute. If the volume is 15 cubic 
inches at one point in time, what is the volume 
3 minutes later?

 64. Circles and proportionality. To complete this 
exercise, you need to know that the circumference 
of a circle is proportional to its radius, and that the 
constant of proportionality is π2 . You do not need 
to know either the radius of the moon’s orbit or the 
radius of Earth.

 a. For purposes of this exercise, we assume that 
the moon’s orbit around Earth is circular. 
In one trip around Earth, the moon travels 
approximately 2.4 million kilometers. Another 
satellite orbits Earth (in a circular orbit) at a 
distance from Earth that is one-third that of 
the moon. How far does this satellite travel in 
one trip around Earth?

 b. A rope is tied around the equator of Earth. 
A second rope circles Earth and is suspended 
5 feet above the equator. How much longer is 
the second rope than the first?

 65. More on Celsius to Fahrenheit. In Example 
3.6, we found that the temperature F  on the 
Fahrenheit scale is a linear function of the 
temperature C  on the Celsius scale, and the slope 

is 
9
5

°
 Fahrenheit per degree Celsius.

 a. Recall that °32  Fahrenheit corresponds to 
°0  Celsius. Find a formula for F  as a linear 

function of C .
 b. Solve the equation from part a for C  in order 

to find a formula expressing the temperature 
on the Celsius scale as a function of the 
temperature on the Fahrenheit scale.

 c. Identify the slope of the function from part 
b, and explain its meaning in terms of the 
temperature scales.

 66. The Kelvin scale. Physicists often use the Kelvin 
temperature scale. On this scale, 0° Fahrenheit 
corresponds to a temperature of 255.37 kelvins. Each 
°1  increase on the Fahrenheit scale corresponds to 

an increase of 
5
9

 kelvin. Find a formula that gives 
the temperature K  in kelvins as a function of the 
temperature F  in degrees Fahrenheit.

 67. Aerobic power. Aerobic power can be thought of 
as the maximum oxygen consumption attainable 

per kilogram of body mass. There are a number 
of ways in which physical educators estimate this. 
One method uses the Queens College Step Test.3 
After a prescribed exercise regimen, a 15-second 
pulse count P  is taken. Maximum oxygen 
consumption M  in milliliters per kilogram for  
men is approximated by 

= −111.30 1.68M P

  For women, the maximum oxygen consumption F  
in milliliters per kilogram is approximated by

= −65.81 0.74F P

 a. Calculate the maximum oxygen consumption 
for both a man and a woman showing a 
15-second pulse count of 40.

 b. What 15-second pulse count will indicate the 
same maximum oxygen consumption for a man 
as for a woman?

 c. What maximum oxygen consumption is 
associated with your answer in part b?

 68. Rice market. The quantity R of rice (in billions of 
bushels) that rice suppliers in a certain country are 
willing to produce in a year and offer for sale at a 
price P  (in dollars per bushel) is determined by 
the relation

= −2 1P R

  The quantity T  of rice (in billions of bushels) that 
rice consumers are willing to purchase in a year at 
price P  is determined by the relation

= −3P T

  The equilibrium price is the price at which the 
quantity supplied is the same as the quantity 
demanded. Find the equilibrium price for rice.

 69. Ants and temperature. A scientist observed that 
the ambient temperature C  in degrees Celsius can 
be determined from the speed S  in centimeters per 
second at which certain ants run.4 The proposed 
formula was

= +5 13.5C S

3Data from Nutrition, Weight Control, and Exercise, F. I. Katch and  
W. D. McArdle, Lea & Febiger, Philadelphia, 1983.
4Data from H. Shapley, “Note on the Thermokinetics of Dolichoderine 
Ants,” Proceedings of the National Academy of Sciences of the United States of 
America 10: 436–439 (1924).
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196 CHAPTER 3 Linear and Exponential Functions

 a. Explain the meaning of the slope of the linear 
function C  in terms of the speed of the ant and 
the temperature.

 b. Solve for S  in the preceding formula to obtain 
a formula expressing the running speed as a 
function of the temperature C .

 c. Explain the meaning of the slope of the linear 
function you found in part b in terms of the 
speed of the ants and the temperature.

 70. Slowing down in a curve. A study of average 
driver speed on rural highways by A. Taragin5 
found a linear relationship between average speed S  
(in miles per hour) and the amount D  of curvature 
(in degrees) of the road. On a straight road =( 0),D  
the average speed was found to be 46 miles per 
hour. This was found to decrease by 0.75 mile per 
hour for each additional degree of curvature. Find a 
linear formula relating speed to curvature.

 71. Satellite subscribers. The following table shows 
the number D, in millions, of subscribers to a 
certain television satellite company at the time t  
years after 1995.

years since 1995t = subscribers (millions)D =

0 1.20

4 6.68

7 11.18

9 13.00

12 16.83

14 18.08

 a. Plot the data along with the regression line.
 b. Give the equation of the regression line. 

(Round to two decimal places.)
 c. Explain the meaning of the slope of the 

regression line in terms of the number of 
satellite subscribers.

 d. How many satellite subscribers does the 
regression line predict for 2025?

 72. Crayon colors. The following table shows the 
number C  of crayon colors available t  years 
after 1900.

== years since 1900t 3 49 58 72 90 98 103

== colorsC 8 48 64 72 80 120 120

 a. Plot the data along with the regression line.
 b. Give the equation of the regression line. 

(Round to two decimal places.)
 c. Explain the meaning of the slope of the 

regression line in terms of the number of 
crayon colors.

 d. How many colors does the regression line 
suggest for 1980? Round your answer to the 
nearest whole number.

 73. National defense. The following table shows the 
amount of money M, in billions of dollars, spent by 
the United States on national defense6 at the time 
t  years after 2000.

== yearst   
since 2000

4 5 6 7 8

== billionsM 455.8 495.3 521.8 551.3 616.1

 a. Plot the graph of the data along with the 
regression line.

 b. Give the equation of the regression line. 
(Round to two decimal places.)

 c. Explain the meaning of the slope of the 
regression line in terms of the amount of 
defense spending in this time period.

 d. What expenditure does the regression line 
predict for 2025?

 74. Important historical shift — men and women 
entering college. The following table shows the 
percentage of high school men and women who 
enrolled in college within 12 months of graduation 
t  years after 1960.

== yearst   
since 1960

0 5 10 15

== menM 54% 57.3% 55.2% 52.6%

== womenF 37.9% 45.3% 48.5% 49%

 a. On the same coordinate system, plot the 
data for men, the data for women, and both 
regression lines.

 b. Write the equations of the regression lines for 
men and women. (Round to two decimal places.)

CHALLENGE EXERCISES FOR INDIVIDUALS OR GROUPS

5“Driver Performance on Horizontal Curves,” Proceedings 33, Highway 
Research Board, Washington, DC, 1954, 446–466.
6Data from the Statistical Abstract of the United States.
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197 3.1   Exercise Set

 c. The regression lines predict that the percentage 
of women entering college will match that of 
men when the regression lines cross. When 
does this occur? (This actually occurred for the 
first time in 1980.)

 75. Competing spider populations. Consider two 
competing spider populations. Let s  be the 
size of one spider population and S  the size of 
the second. Both populations are measured in 
hundreds of spiders. The growth rates of the 
populations satisfy the following equations (note 
that S  and s  depend on each other because the 
populations compete).

= − −Growth rate for 400(1000 )s s S

= − −S s SGrowth rate for 600(1000 3 2 )

 a. The set of points at which the growth rate  
for s  is zero is called the isocline. Find a 
formula for s  in terms of S  that describes 
this isocline.

 b. The set of points at which the growth rate 
for S  is zero form another isocline. Find a 
formula for s  in terms of S  that describes 
this isocline.

 c. A point at which the growth rates for both s  
and S  are zero is called an equilibrium point. 
Use your answers to parts a and b to find the 
populations of each spider population at the 
equilibrium point.

 d. Explain in terms of the two populations 
what happens when the populations reach 
an equilibrium point.

 76. From Section P.1: Find the midpoint of = (2, 7)P  
and = − −Q ( 1, 3), and the distance between P  and  .Q

  Answer: Midpoint 
1
2

, 2




, distance 109

 77. From Section P.2: Solve the inequality 
− ≤ +4 1x x .

  Answer: 
3
2

, ∞






 78. From Section P.3: Solve the inequality 
1

≥
x

x.

  Answer: ( , 1) (0, 1)−∞ − ∪
 79. From Section 1.1: Find the domain of 

( )
2

5 42
=

−

− +
f x

x
x x

.

  Answer: All real numbers except 1 and 4. In 
interval notation: −∞ ∪ ∪ ∞( , 1) (1, 4) (4, ).

 80. From Section 1.1: Find the range of the function 
= +( ) 4f x x .

  Answer: ∞(4, )

 81. From Section 1.2: If ( )
1

=f x
x

, find the average 

rate of change of ( )f x  from = 3x  to = 5x .

  Answer: −
1

15

 82. From Section 1.2: If = +( ) 12f x x , calculate the 
average rate of change of ( )f x  on the interval 

+[ , ]x x h . Assume that > 0h , and simplify 
your answer.

  Answer: +2x h
 83. From Section 1.3: Suppose that ( )f x  is a function 

that has a positive rate of change on the interval 
[2, 7]. What can be said about the graph of f  on 
this interval?

  Answer: It is increasing.
 84. From Section 1.4: Calculate the limit as → ∞x  of 

f x
x

= +( ) 3
2
5

.

  Answer: 3
 85. From Section 2.1: If = −( ) 12f x x  and 

( ) 1,= +g x x  find �f g .
  Answer: = +( )( ) 22�f g x x x
 86. From Section 2.2: Calculate the inverse of the 

function = −( ) 4 5f x x .

  Answer: ( )
( 5)

4
1 =

+−f x
x

 87. From Section 2.3: Explain how to get the graph of 
+( 1)f x  from the graph of ( )f x .

  Answer: The graph of +( 1)f x  is the graph of ( )f x  
shifted by 1 unit to the left.

REVIEW AND REFRESH: Exercises from Previous Sections
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198 CHAPTER 3 Linear and Exponential Functions

 3.2   Exponential Functions: 
Constant Proportional Change   

   Exponential functions are used to model rapid increase or decrease because 
they show a constant proportional rate of change.   

In this section, you will learn to:  
    1.   Analyze exponential functions using constant proportional change.  

   2.   Sketch the graphs of exponential functions using their properties.  
   3.   Define the number   e    and the natural exponential function.  
   4.   Solve applied problems involving exponential functions.  
   5.   Compare the growth rates of exponential functions and power functions.    

 A case can be made that   π    is the most important number in mathematics. But in 
this section you will meet a number that challenges   π    for the top ranking. This is the 
number denoted by   e  . Like   π  ,   e   is an irrational number whose value cannot be captured 
by any finite decimal. To three digits of accuracy,   ≈ 2.718e   . 

 The designation   e   was coined by the Swiss mathematician Leonhard Euler (pro-
nounced “oiler”) ( Figure 3.12  ). Euler (1707–1783) was among the most prolific mathemati-
cians of all time, and his writings greatly influenced the approach of modern calculus texts. 

   We can use the idea of compound interest to explain   e  . When interest is com-
pounded, exponential functions are involved, and the number of compounding periods 
plays a key role. Compounding may occur yearly, monthly, daily, hourly, or each sec-
ond. As the number of compounding periods is taken to its ultimate limit, the number 
  e   makes its appearance and, surprisingly enough, complicated formulas are replaced by 
simpler ones that involve the number   e  . 

 Understanding how exponential functions work is crucial for success in calculus. 
You may wish to review the basic rules for exponents. In advanced mathematics, pre-
cise meaning is given to exponents applied to positive numbers even when the expo-
nents are not rational. At this level, suffice it to say that a number like   π2    is close to 
  23.14   because   π    is close to 3.14. We note that positive numbers raised to real exponents 
obey the same rules as for rational exponents.  

   Constant Proportional Change  

   Constant proportional change means that the rate of change is proportional 
to the function. Intuitively, these functions change by constant multiples.   

 There are initially 1000 cells in a petri dish. Reproduction is accomplished via cell 
division, and as a result, the number of cells in the dish doubles each hour. The accom-
panying table shows the number   N    of cells in the dish after   t    hours. 

   == time in hourst     0  1  2  3  4 

   == number of cellsN     1000  2000  4000  8000  16,000 

 Note that to obtain the next hour’s number we multiply this hour’s number by 2. 
In other words, the next hour’s number is proportional to last hour’s number with con-
stant of proportionality 2. 

      Figure   3.12      Leonhard Euler Georgios 

Kollidas/Shutterstock   

   3.1 Linear Functions: Constant Rate 
of Change  

   3.2 Exponential Functions: Constant 
Proportional Change  

   3.3 Modeling with Exponential 
Functions  

3

04_crauderprecal1e_1581_ch03_181-239_5PP.indd   198 11/03/20   1:00 PM

Copyright ©2022 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



 3.2   Exponential Functions: Constant Proportional Change 199 3.2    3.2   

 This observation allows us to find a formula for   N   . We start with 1000, and after 
t    hours we multiply by 2 a total of   t    times: 

= × × × × × = ×( ) 1000 2 2 2 2 1000 2
factors

�
� ����� �����

N t
t

t

 Functions like this one that grow by constant multiples show a constant propor-
tional rate of change. That is, the rate of change is proportional to the function. Such a 
function is known as an   exponential function  . 

 The form of the preceding function   N    is typical of exponential functions.   
  An    exponential function    is a function 
that exhibits a constant proportional 
rate of change that is not equal to   0  .  

  LAWS OF MATHEMATICS:  Formula for an Exponential Function 

 An exponential function has the form   =( )f x( )f x( ) abx   where   ≠ 0a   ,   > 0b   , and   ≠ 1b   . 

  In the formula   =( )f x abx   for an exponential function, the number   b   is the    base   . 
The number   a   is the    initial value    because that is the value of   f    when   = 0x   . 

   It is important to be able to interpret the formula for an exponential function in 
terms of rates of change.   

  The    base    of an exponential function 
of the form   =f x abx( )    is the 
number   b  .  

  The    initial value    of an exponential 
function of the form   =f x abx( )    is 
the number   a  .  

  CONCEPTS TO REMEMBER: How Exponential Functions Change  

 The exponential function   f    with base   b   has the property that 

+ =( 1+ =( 1+ =) (+ =) (+ = )f x( 1f x( 1 bf) (bf) (x

 It may be helpful to think of   ( )f x( )f x( )   as the old   y-value   and   ( 1+( 1+ )f x( 1f x( 1    as the new 
y-value  . Then 

= ×New -value Ba= ×Ba= ×= ×se= × Old -valuey y= ×y y= ×w -y yw -valuey yvalue Bay yBa= ×Ba= ×y y= ×Ba= ×sey yse= ×se= ×y y= ×se= × Oly yOld -y yd -

 In applications, this is often the feature that allows us to recognize expo-
 nential functions. 

  Note, for example, that the function   = ×( ) 1000 2N t t   that describes cell division is 
exponential with base   = 2b    and initial value   = 1000a   . 

 The next example provides an algebraic derivation of the proportional change 
exhibited by functions of the preceding form. 

     EXAMPLE   3.10  How Exponential Functions Change   

 Let   =( )f x abx   be an exponential function with base   b   and initial value   a  . 
    a.  Show that

    + =( 1) ( )f x bf x     

    b.   The function   g    is exponential with base 3. If   =(4) 7g   , find the values of   (5)g    and   (6)g   .    
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200 CHAPTER 3 Linear and Exponential Functions

SOLUTION

 a. We apply the basic rules of exponents:

 

+ =

+ =

+ =

+ =

+( 1)

( 1)

( 1) ( )

( 1) ( )

1

1

f x ab

f x ab b

f x b ab

f x bf x

x

x

x

 b. We apply part a using the fact that the base is = 3b :

 + = = × =(4 1) 3 (4) 3 7 21g g

Hence, =(5) 21g .
The same procedure applies to find (6)g :

 = + = = × =(6) (5 1) 3 (5) 3 21 63g g g

TRY IT YOURSELF 3.10 Brief answers provided at the end of the section.

For the function g  in part b, find (3)g .

◂ Apply function definition.

◂ Use Ap + q = Ap Aq.

◂ Simplify.

◂ Apply function definition.

EXTEND YOUR REACH Assume that f  is a function with =(1) 3f , =(2) 9f , and =(3) 26f . Is it possible that 
f  is an exponential function? If so, explain why. If not, find a value for (3)f  that would 
change your answer to the question. Suggestion: Calculate proportional rates of change.

EXAMPLE 3.11 Using Constant Proportional Change to Analyze Exponential Functions

 a. Let ( )g x  be an exponential function such that + =( 1) 4 ( )g x g x  for all x. If =(0) 5g , find a formula for ( )g x .
 b. Let ( )f x  be an exponential function with =(1) 8f  and =(3) 2f . Find a formula for ( )f x .

SOLUTION

 a. The formula + =( 1) 4 ( )g x g x  tells us that g  is an exponential function with base 4. Thus, =( ) (4 )g x a x  for 
some initial value a. The condition =(0) 5g  tells us that = 5a . We conclude that

=( ) 5(4 )g x x

It is instructive to compare the way exponential functions change with the way 
linear functions change. Linear functions change by constant sums, but exponential 
functions change by constant multiples. This fact is illustrated by the following tables.

Linear with slope 2

x == 2y x

1 2

2 4

3 6

4 8

5 10

Exponential with base 2

x == 2y x

1 2

2 4

3 8

4 16

5 32

+2

+2

+2

+2

×2

×2

×2

×2
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 3.2   Exponential Functions: Constant Proportional Change 201

     EXAMPLE   3.12  Evaluating Exponential Functions   

    a.   For   =( ) 2f x x  , make a table of values for   f    from   = −20x    to   x 20=    in steps of 5.
    i.   Does your table indicate an increasing function or a decreasing function?  
   ii.   What limiting values are indicated by the table?   

     b.   For   g x
x

x=






= −( )
1
2

2   , make a table of values for   f    from   = −20x    to   = 20x    in steps of 5.

    i.   Does your table indicate an increasing function or a decreasing function?  
   ii.   What limiting values are indicated by the table?   

       SOLUTION  

    a.   We used a calculator to produce the following table of values.

   x       −20      −15   −10    −5    0   5  10  15  20 

2x  0.00000095  0.0000305  0.0009766  0.03125  1  32  1024  32,768  1,048,576 

    Graphs of Exponential Functions   

   Graphs of increasing exponential functions show rapid growth at the right 
tail end but approach the   -x   axis at the left tail end.   

 The next example gives us a first look at some of the properties of exponential 
functions, and it prepares us to make graphs. 

   b.  Let   =( )f x abx  . The given information can be stated in terms of two equations that we need to solve in 
order to find   a   and   b  :

=

=

8

23

ab

ab

 To proceed we divide the second equation by the first: 

    

2
8
1
4
1
2

3

2

=

=

=

ab
ab

b

b

    

 Putting   
1
2

=b    into the equation   = 8ab   , we find   = 16a   . We conclude that 

    ( ) 16
1
2

=






f x
x

      

    TRY IT YOURSELF 3.11 Brief answers provided at the end of the section.   

 If   ( )h x    is an exponential function with   =(2) 12h    and   =(3) 24h   , find a formula for   ( )h x   .    

 ◂ Use f (1) = 8.

◂ Use f (3) = 2. 

 ◂ Divide the two preceding equations.

◂ Simplify.

◂ Take square roots, noting that b > 0. 

 3.2    3.2   
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202 CHAPTER 3 Linear and Exponential Functions

    i.   The table of values suggests that   ( )f x    increases as   x   increases. This indicates an increasing function. (We 
expect this because raising 2 to a larger power should give a larger result.)  

   ii.  The table of values indicates that as   x   increases,   2x   increases without any bound. We expect that

→ ∞ → ∞2 as xx

  As   x   becomes larger but is negative,   2x   is near 0. This suggests that 

→ → − ∞2 0 as xx

       b.   Again, a calculator is required (or we can use part a):

   x       −20      −15      −10      −5    0  5  10  15  20 

   


 


 == −−1

2
2

x
x     1,048,576  32,768  1024  32  1  0.03125  0.0009766  0.0000305  0.00000095 

    i.   As   x   gets larger, the function value gets smaller. Thus, the table indicates a decreasing function.  
   ii.  As   x   increases, the table indicates that   −2 x    approaches 0. The table suggests that   → → ∞−2 0 as xx   .

 When   x   gets larger but is negative,   −2 x    grows ever larger. This indicates that   → ∞ → −∞−2 as xx   . 

         TRY IT YOURSELF 3.12 Brief answers provided at the end of the section.   

 Make a table of values for   = 3y x   from   −10   to 10 in steps of 5. For which values of   x   is   3x   larger than   2x  , and for 
which values of   x   is   3x   smaller?  

       Figure   3.13      The graphs of   = 2y x  , 
  = 3y x  , and   = 4y x  :  These are typical of 
graphs of exponential functions with a 
base greater than 1.    

y 5 2 x

y 5 3 x

y 5 4 x

22 2 4

y

x

10

20

30

40

      Figure   3.14      The graphs of   y
x

=






1

2
  ,   y

x

=






1

3
  , 

and   y
x

=






1

4
  :  These are typical of graphs of 

exponential functions with a base less than 1.    

2224 2

y

x

10

20

30

40

1
4y 5 (   )x

1
2y 5 (   )x

1
3y 5 (   )x

 The tables we made in the previous example serve as an aid to producing graphs 
of exponential functions. The graphs of   = 2y x   ,   = 3y x  , and   = 4y x    are shown in 
Figure 3.13  . The graphs display different function values, but their basic shapes are 
quite similar. These are typical of exponential functions with a base greater than 1. 

   The graphs of   
1
2

2=






= −y
x

x  ,   
1
3

3=






= −y
x

x  , and   
1
4

4=






= −y
x

x   are shown in 

 Fig ure 3.14  , and they are typical of the graphs of exponential functions with a base less 
than 1. 
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 3.2   Exponential Functions: Constant Proportional Change 203

     Note that because the base   b    is positive, function values for   =( )f x bx    are 
always positive. Thus, the domain of   f    is all real numbers, but the range is all 
positive numbers.  

  CONCEPTS TO REMEMBER: Graphs of Exponential Functions  

 With base   > 1b   :  With base   0 1< <0 1< <b0 1b0 1< <0 1< <b< <0 1< <   : 

y b=y b= x    is increasing and concave up. y b=y b= x    is decreasing and concave up. 

→ ∞bx    as   → ∞x →bx 0   as   → ∞x

→bx 0   as   → −∞x → ∞bx    as   → −∞x

    a.   What can you say about the rate of change of   = −2y x   as   → ∞x   ?  Suggestion : 
Use a straightedge with the graph of   = −2y x   shown in  Figure 3.15  to 
visualize slopes of tangent lines for large values of   x  .  

   b.   What can you say about the rate of change of   = + −3 2y x    as   → ∞x   ?      

   EXTEND YOUR REACH  

 3.2    3.2   

      Figure   3.15      Graphs of   = −y x2    and 
  = + −y x3 2   , with the line   =y 3   added   

4

6

y

2

2 42224
x

y 5 3

y 5 3 1 22x

y 5 22x

8

     EXAMPLE   3.13  Transformations of Exponential Graphs   

 Plot the graphs of both   = −2y x   and   = + −3 2y x    on the same coordinate axes.  

   SOLUTION  

 To obtain the graph of   = + −3 2y x    from the graph of   = −2y x  , we shift 
up by 3 units. This is shown in  Figure 3.15  . 

 Note that because   →−2 0x    as   → ∞x   , we have 

    + → → ∞−3 2 3 as
0

xx     

 This limit prompts us to add the line   = 3y    to the graph in  Figure 3.15  
to show the end behavior of the graph. 

      TRY IT YOURSELF 3.13 Brief answers provided at the end of the section.   

 On the same coordinate axes, plot the graphs of   = 3y x   and   = −3 10y x   .     
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204 CHAPTER 3 Linear and Exponential Functions

    The Special Number   e     

   The special number   e   is the base for the natural exponential function.   

 For exponential functions there is one base that is more important than any other. 
This is the number designated   e  . In calculus, the number   e   is defined as a limit: 

1
1

as+






→ → ∞
x

e x
x

 Like   π  , the number   e   is irrational. That is, it cannot be expressed as the quotient of two 
integers, and it does not have a repeating decimal expansion. We can approximate the value 

of   e   with a table of values that shows   1
1

+




x

x

   for large values of   x  . To 20 digits of accuracy, 

≈ 2.7182818284590452354e

   x       x

x

1
1

++



    

 1  2 

 10  2.5937424601 

 100  2.7048138294215260933 

 1000  2.7169239322358924574 

 10,000  2.7181459268252248640 

 100,000  2.7182682371744896680 

 1,000,000  2.7182804693193768838 

 It is difficult to overstate the importance of the function   =( )f x ex  , often called the 
   natural exponential function   , for both calculus and the remainder of this course. 

 The graphs of   =( )f x ex   and its companion   = −( )g x e x   are shown in  Figure 3.16 and 
Figure 3.17 . 

  The    natural exponential function    is 
the function   =( )f x ex  .  

      Figure   3.16    The graph of    =f x( )      e x

22

f (x) 5 ex

2
x

6

4

2

y

      Figure   3.17      The graph of    =g x( )      e − x

22

g (x) 5 e2x

2
x

6

4

2

y

  CONCEPTS TO REMEMBER: The Natural Exponential Function y ex=====

• 
x

e
x

+














→1
1

   as   → ∞x

• ≈ 2.72e
• y e=y e= x   is an increasing function whose graph is concave up.

−y e=y e= x    is a decreasing function whose graph is concave up.  
• → ∞ → ∞ → → −∞as , and 0 a→ →0 a→ →→ →s→ →e x→ ∞e x→ ∞ ase xas → →e x→ →e x→ →e x→ →→ →0 a→ →e x→ →0 a→ →→ →s→ →e x→ →s→ →x x→ ∞x x→ ∞ → ∞x x→ ∞asx xas , ax x, andx xnde xx xe x→ ∞e x→ ∞x x→ ∞e x→ ∞ ase xasx xase xas e xx xe x
• → → ∞ → ∞ → −∞− −→ →0 a→ →s ,→ →s ,→ → ∞ →s ,∞ →∞ →an∞ →d a∞ →d a∞ → ∞ →d a∞ →d a∞ →d a∞ → ∞ →d a∞ →∞ →s∞ →e x→ →e x→ →→ →0 a→ →e x→ →0 a→ →→ →s ,→ →e x→ →s ,→ → ∞ →e x∞ →d ae xd a∞ →d a∞ →e x∞ →d a∞ → ∞ →d a∞ →e x∞ →d a∞ →∞ →s∞ →e x∞ →s∞ →x x→ →x x→ → ∞ →x x∞ →− −x x− −0 ax x0 a→ →0 a→ →x x→ →0 a→ →− −0 a− −x x− −0 a− −s ,x xs ,→ →s ,→ →x x→ →s ,→ → ∞ →s ,∞ →x x∞ →s ,∞ →∞ →an∞ →x x∞ →an∞ →d ax xd a∞ →d a∞ →x x∞ →d a∞ →− −d a− −x x− −d a− −e xx xe x→ →e x→ →x x→ →e x→ →→ →0 a→ →e x→ →0 a→ →x x→ →0 a→ →e x→ →0 a→ →→ →s ,→ →e x→ →s ,→ →x x→ →s ,→ →e x→ →s ,→ → ∞ →d a∞ →e x∞ →d a∞ →x x∞ →d a∞ →e x∞ →d a∞ →

            EXAMPLE   3.14  The Natural Exponential Function   

 On the same coordinate axes, plot the graphs of   = 2y x  ,   =y ex  , and   = 3y x  . Comment on the relative positions 
of the graphs.  

   SOLUTION  

 The accompanying table of values is an aid to constructing the graph shown in  Figure 3.18  . Note that for 
positive   ,x    the graph of   =y ex   is above the graph of   = 2y x   and below the graph of   = 3y x  . But for negative   x  , 
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 3.2   Exponential Functions: Constant Proportional Change 205

 If   < <1 ,a b    discuss the relationship between the graphs of   =y ax    and   =y bx  .     EXTEND YOUR REACH  

 3.2    3.2   

the order is reversed: The graph of   = 2y x   is above the graph of   =y ex  , which is above the graph of   = 3y x  . 
These results make sense because   e   is between 2 and 3. 

      TRY IT YOURSELF 3.14 Brief answers provided at the end of the section.   

 On the same coordinate axes, plot the graphs of   = −2y x  ,   = −y e x  , and   = −3y x  .     

      Figure   3.18      The graphs of   = 2y x  ,   =y ex  , and   = 3y x      

y

21

y 5 ex

y 5 2 x

y 5 3 x

1
x

3

2

1

   x       2x       ex       3x    

   −3    0.13  0.05  0.04 

   −2    0.25  0.14  0.11 

   −1    0.50  0.37  0.33 

 0  1  1  1 

 1  2  2.72  3 

 2  4  7.39  9 

 3  8  20.09  27 

     EXAMPLE   3.15  Exponential Growth of an Investment   

 The value of a certain investment after   t    years is given by 

    =( ) 7000 dollars0.04B t e t     

    a.   How much money was originally invested?  
   b.   What percentage interest did the investment earn over the first year? Over the second year?  
   c.   Plot the graph of the investment over the first 50 years.    

   SOLUTION  

    a.  We use   = 0t    to find the initial value of the investment:

    = = × =×(0) 7000 7000 1 7000 dollars0.04 0B e     

    b.  Over the first year, the value grew from $7000 to

    = ≈×(1) 7000 7285.68 dollars0.04 1B e     

 This is an absolute increase of $285.68 and a relative increase of 

    
285.68
7000

0.041≈     

    MODELS AND 
APPLICATIONS Exponential Growth and Decay  

  When naturally occurring phenomena are modeled by increasing exponential functions, we say that exponential 
growth is occurring. In the case of decreasing exponential functions, we refer to exponential decay. Constant 
proportional change is a key property used in recognizing exponential growth and decay. 

 Exponential growth occurs in many settings, such as financial mathematics, as is shown in the next example.  

04_crauderprecal1e_1581_ch03_181-239_5PP.indd   205 11/03/20   1:01 PM

Copyright ©2022 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



206 CHAPTER 3 Linear and Exponential Functions

Take note of the rapid growth of the investment in Example 3.15, from $7000 to more 
than $50,000. Such growth is typical of exponential functions with a base greater than 1.

One important instance of the use of decreasing exponential models concerns 
radioactive substances, which decay at a rate proportional to the amount present. 
Thus, the amount of a radioactive substance is an instance of exponential decay. The 
rate of decay depends on the substance and is normally given in terms of the half-life, 
which is the time required for half of the substance to decay.

This growth represents an increase of 4.1%, which is the percentage interest earned over the first year.

The value after 2 years is

= ≈×(2) 7000 7583.01 dollars0.04 2B e

In the second year, the investment grew from $7285.68 to $7583.01, an absolute increase of $297.33. The 
relative increase is

297.33
7285.68

0.041≈

So the percentage interest earned over the second year is also 4.1%. It turns out that the interest earned is 
4.1% every year. The constant percentage change exhibited here turns out to be a key feature of exponential 
functions. We will explore this fact in more detail in the next section.

 c. The following table of values is used to make the graph shown in Figure 3.19.

TRY IT YOURSELF 3.15 Brief answers provided at the end of the section.

The value in dollars of a second investment is given by = −( ) 4000 0.15B t e t, where t  is the time in years.  
By how much did the value decline over the first 4 years?

t =( ) 7000 0.04B t e t

0 $7000.00

10 $10,442.77

20 $15,578.79

30 $23,240.82

40 $34,671.23

50 $51,723.39

Figure 3.19 The value of an investment

D
ol

la
rs

10,000

20,000

30,000

40,000

50,000

10 20 30 40 50
Time (years)

t

B (t)

EXAMPLE 3.16 Exponential Decay: Half-life

The radioactive element carbon-14 decays over time. If there are initially 0C  grams present, then the amount 
remaining after t  years is given by

( )
1
2

grams0

/5730

=






C t C
t

 a. As we have noted, the rate of decay of a radioactive substance is normally given in terms of the half-life. 
What is the half-life of carbon-14?

 b. Make a graph of the amount of carbon-14 present over the first 50,000 years if there are initially 500 grams.
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 3.2   Exponential Functions: Constant Proportional Change 207

 The natural exponential function and compositions of that function with oth-
ers are commonly used to model many real-world phenomena. Several such models 
appear in the exercises.   

    Rapidity of Exponential Growth   

   In the long term, increasing exponential functions grow more rapidly than 
power functions.   

 To emphasize the eventual rapidity of the growth of exponential functions with a 
base greater than 1, we compare exponential functions with power functions, which 
are functions of the form   =y xk    for some constant   k  .  Figure 3.21   shows the graphs of 
the power function   = 3y x    and the exponential function   = 2y x    from   = 0x    to   = 9.x
Note that at x = 9 the graph of   = 3y x    is above the graph of   = 2y x  , showing that the 
power function is larger than the exponential function. But if we extend the span to 
include   = 12x   , as we have done in  Figure 3.22  , we see that the exponential function 
has gained the dominant position. 

   SOLUTION  

    a.  To find the half-life, we need the time   t    when the amount remaining is half of the initial amount,   
1
2

0C .   
Thus, we seek a value of   t    that satisfies

    
1
2

1
2

0 0

/5730

=






C C
t

    

    or, dividing out ,
1
2

1
2

0

/5730

=






C
t

    

 This equation is true if the exponent   
5730

t
   is 1. Thus, the half-life of carbon 14 is 5730 years.  

   b.   The accompanying table is useful for sketching the graph shown in  Figure 3.20  .

          TRY IT YOURSELF 3.16 Brief answers provided at the end of the section.   

 How long does it take for three-quarters of the carbon-14 to decay? Suggestion: Decay of three-quarters 
 corresponds to decay of half followed by decay of half again.  

   t       ( )C t    

 0  500 

 10,000  149.15 

 20,000  44.49 

 30,000  13.27 

 40,000  3.96 

 50,000  1.18 

      Figure   3.20      Decay of carbon-14   
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 3.2    3.2   

      Figure   3.21     In the short term:  At x = 9, 
the graph of   = 3y x    is above the graph 
of   = 2y x   .  

y 5 x3

y 5 2 x
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208 CHAPTER 3 Linear and Exponential Functions

    In fact, the graph of   = 2y x   eventually rises above the graph of   1000x   , or   1,000,000x   , 
or   x   to any other power. In general, any increasing exponential function will eventually 
dominate any power function. That is, if   b   is greater than 1, then no matter how large 
k   is,   bx   will be greater than   xk   if   x   is large enough. This fact is normally established in 
calculus, but in the exercises you will be led through an elementary proof.   

        Figure   3.22      In the long term:   The 
graph of   = 2y x   eventually dominates 
the graph of    = 3y x   .  

y 5 x3

y 5 2 x

400

800

1200

1600

2000

128 10642
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y

  CONCEPTS TO REMEMBER: Exponential Functions  

Defining property : Constant (but not 0) proportional rate of change. Defining property : Constant (but not 0) proportional rate of change. Defining property
Formula :   =( )f x( )f x( ) abx  . The constant   b    is the base, and we require that   > 0b

and   ≠ 1b   . The constant   a   is the initial value, and we require that   ≠ 0a   .   An 
important case is when   b e=b e=   , and   = 1a   . We have the natural exponential 
function   y e=y e= x  . 

Domain : All real numbers. 
Range : All positive real numbers if   > 0a   . All negative real numbers if   < 0a   . 
Graph of   y b=y b==y b====y b=== x : 
  For   > 1b   : Increasing and concave up 
  For   < 1b   : Decreasing and concave up 
In the long term : 
  For   > 1b   :   → ∞bx    as   → ∞x   , and   → 0bx    as   x → −∞
  For   < 1b   :   → 0bx    as   → ∞x   , and   → ∞bx    as   x → −∞

      3.10      (3)
7
3

=g      

     3.11      = ×( ) 3 2h x x     
     3.12  

       The table indicates that   >3 2x x   for positive   x  , but 
<3 2x x   for negative   x  .  

  3.13 

y 5 3 x

y 5 3 x 2 10

y 5 210

y

x

15

5

3212123 22

10

210

215

25

  

 3.14 y

x

6

4

222

2y 5 22x

y 5 32x

y 5 e2x

  

 3.15   $1804.75  
 3.16   11,460 years    

    TRY IT YOURSELF ANSWERS  

   x       −10      −5    0  5  10 

   3x     0.0000169  0.0041152  1  243  59,049 
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    1.   Let   3=y x  . If   x   is increased by 1, how is   y   affected?  
   2.   Let   = −3y x   . If   x   is increased by 1, how is   y   affected?  
   3.   Let   = 4y x  . If   x   is increased by 2, how is   y   affected?  
   4.   Let   = −2y x  . If   x   is increased by 2, how is 

  y   affected?  
   5.   What can you say regarding the concavity of the 

graph of an exponential function?  
   6.   If   > 0b    and   =( )f x bx    is an increasing function, 

what can you conclude about   b  ?  
   7.   What do you know about the base of an exponential 

function used to model radioactive decay?  

   8. True or false : It is possible to find a number   > 1k    
so that   1.0001k   is larger than   10,000k   .  

   9.   Which is larger, the number   e   or the number   π   ?  
   10.   Which of the following are exponential functions?

a. = πy x
   b. π=y x

          11.   Which of the following are exponential functions?

    a. 
1

=y
ex

   b. 1/=y e x

  c.     = πy e    
  d.     =y xe   

  e.     π= ( )y e x   
  f.     π= +( )y e x   

  d.     
1

=
−

y
e x    

   CHECK YOUR UNDERSTANDING  

    EXERCISE SET   3.2    

    12.    Linear or exponential?  Let   ( )f x    be a function 
with the property that adding 1 to   x   multiplies 
the value of   ( )f x    by 5. Let   ( )g x    be a function 
with the property that adding 1 to   x   adds 5 to the 
value of   ( )g x   . Which function is linear, and which 
is exponential?   

  Finding a formula.  In Exercises 13 through 17, find a 
formula for the exponential function   ( )f x    having the 
given properties. 

    13.     =(0) 5f   , and   f    is tripled when   x   is increased by 1.  
   14.     =(0) 3f   , and   f    is multiplied by   e   when   x   is 

increased by 1.  
   15.     =(0) 5f   , and   f    is divided by 4 when   x   is increased 

by 1.  
   16.     = −(0) 1f   , and   f    is doubled when   x   is increased 

by 1.  
   17.     = −(0) 5f   , and   f    is divided by   π    when   x   is 

increased by 1.   

  Matching functions with graphs.  In Exercises 18 
through 23, match the given graph with the appropriate 
function from the following list: 

    A.     = 2y x    
   B.     = −2y x    
   C.     = 3y x    

   D. 
1
3

=






y
x

E. =y ex

F. = −y e x

    18. 

x
222

y

6

4

2

              19. 

x
222

y

6

4

2

  

              20. 

x
222

y

6

4

2

  

        SKILL BUILDING  

 e. 
2
3

=y
x

x

 f. = 2y x

  c.     = −4y x   

 3.2   Exercise Set 3.2    3.2   
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210 CHAPTER 3 Linear and Exponential Functions

 21. 

x
222

y

6

4

2

 22. 

x
222

y

6

4

2

 23. 

x
222

y

6

4

2

 24. A graph. Sketch the graph of = ( )y a bx  in the case 
that a is negative and > 1b . Give a verbal description 
of the graph, stating where it is increasing, 
decreasing, concave up, and concave down.

 25. A graph. Sketch the graph of = ( )y a bx  in the case 
that a is negative and < 1b . Give a verbal description 
of the graph, stating where it is increasing, 
decreasing, concave up, and concave down.

Finding formulas. In Exercises 26 through 32, find an 
exponential function having the given properties.

 26. =(0) 6f  and = 7b
 27. =(0) 3f  and = 0.6b
 28. =(1) 20f  and =(2) 100f
 29. =(1) 6f  and =(3) 54f
 30. =(1) 9f  and =(3) 1f
 31. =(0) 0f B , and increasing x by 1 multiplies f  by 2
 32. =(0) 0f B , and increasing x by 1 multiplies f  by 0.8

Changing form. In Exercises 33 through 45, write the 
given expression in the form ( )a bx .

 33. 3(2 3 )x x

 34. +4 4 1x x

 35. −21 x

 36. ( )2
3x

 37. 
1

π x

 38. 
x

x









3

2
5

 46. Domain and range. What are the domain and 
range of = ( )y a bx  if > 1b  and a is negative?

 47. Domain and range. What are the domain and 
range of = ( )y a bx  if < 1b  and a is negative?

Transformations of graphs of exponential functions. In 
Exercises 48 through 55, use what you know about graphs 
of exponential functions and transformations of graphs to 
plot the graphs of the two given functions on the same 
coordinate axes.

 48. =( ) 2f x x and = +( ) 2 2g x x

 49. =( )f x ex and = −( )g x e x

 50. =( )f x ex and = −( )g x ex

 51. =( ) 2f x x and = −( ) 2 2g x x

 52. =( ) 2f x x and = −( ) 2g x x

 53. =( ) 2f x x and = − −( ) 2g x x

 54. =( ) 2f x x and = −( ) 2 2g x x

 55. =( ) 2f x x and = −+( ) 2 42g x x

 56. Changing forms. Show that 
1

12+
=

+−e e
e

et t

t

t
. 

Suggestion: Multiply top and bottom by et  .

 57. Changing forms. Show that 1.3 2+ = +e e e et t t t

PROBLEMS

 39. 
5
7

1

1

−

+

x

x

 40. −32 3x

 41. − +2 1c dx x

 42. 
e
e

x

x

−

2

 43. ( )−3 1 2
e x

 44. 
2

1−ex

 45. ex
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   58.    Logistic function.  A logistic function is a

function of the form   
1

=
+ −

y
A
Be rt

  , with   A B, ,   and

  r   positive. Logistic functions are often used to 
model population growth under environmental 
constraints. Show that the logistic function can be 

rewritten as   =
+

y
Ae

e B

rt

rt
  .  

   59.   Hyperbolic sine and cosine.  The hyperbolic sine 
and cosine functions are denoted by   sinh   and   cosh  , 
respectively. They are defined as follows:

    sinh
2

=
− −

x
e ex x

    

    cosh
2

=
+ −

x
e ex x

    

    a.   Show that   =sinh 0 0   and   =cosh 0 1  .  
   b.   Show the identity   − =cosh sinh 12 2x x   .  

c.   Show the identity =sinh 2 2 cosh sinhx x x  .  
   d.   Show the identity   = +cosh 2 cosh sinh2 2x x x  .   

Solving equations graphically.  Exercises 60 through 67 
involve equations that are not easily solved by hand cal-
culation. Use a graphing utility to make an appropriate 
graph, and solve the given equation. (Round your answers 
to two decimal places.) 

    60. + = −2 3 50 xx x

   61. + =2 10 3x x

   62. =2 3xx   .  There are two solutions.  
   63. = + 2e xx   .  There are two solutions.  
   64. + =− 2e ex x

   65. + =− 3e ex x x

   66. =−5 1xe x   .  There are two solutions.  
   67. − =2 22 xx x   .  There are two solutions.   

    68.   Growth by cell division.  Bacteria in a Petri dish 
grow by cell division. The number of bacteria cells 
present after   t    hours is given by

   =( ) 3000(2 )N t t    

    a.   How many cells are initially present, and how 
many are present after 3 hours?  

   b.   Explain how the bacteria population changes 
with time.  

   c.   Make a graph of the bacteria population over 
the first 4 hours.   

    69.    A declining population.  A certain bacteria 

population is given by the model   ( ) 3000
1
2

,=






N t
t

   

where   t    is time measured in hours. Explain how the 
population changes with time, and make a graph of 
the population over the first 4 hours.  

   70. Salary.  You get raises each year, and your salary   S    
after   t    years is given by an exponential function:

   S t t( ) 50,000(1.05 ) dollars=    

    a.   What is your salary after 10 years?  
   b.   What is your percentage raise each year? 

Suggestion : See part b of  Example 3.15 .   
    71. Toxic waste.  A cleanup operation of a toxic 

substance in a dangerous waste site is in progress. 

The amount   A   (in grams) of the toxic substance 
remaining after   t    weeks is given by

= −8000 0.3A e t

    a.   How much of the toxic substance was present 
at the beginning of the cleanup operation?  

   b.   How much did the amount decrease over the 
first week?  

   c.   How much did it decrease from week 1 to week 2?  
   d.   Plot the graph of the amount over the first 10 

weeks of the cleanup operation.  
   e.   Explain in terms of the shape of your graph in 

part d the difference between the answers to 
parts b and c.   

    72. U.S. population.  The U.S. population from 1800 
to 1860 is closely modeled by

    =( ) 5.34 million0.03N t e t     

 where   t    is the time in years since 1800. 
    a.   Plot the graph of the U.S. population from 

1800 to 1860.  
   b.   If the U.S. population continued to follow 

the same model until 2030, what would the 
population on that date be?   

     MODELS AND APPLICATIONS   

 3.2   Exercise Set 3.2    3.2   
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212 CHAPTER 3 Linear and Exponential Functions

 73. Inflation. As a result of inflation, the price 
of a soda is increasing according to the model 

=( ) 0.75(1.02 )P t t . Here P  is measured in dollars, 
and t  is time measured in years.

 a. How is the price of a soda next year related to 
the price this year?

 b. By what percentage do soda prices increase 
each year?

  A graph of soda prices is shown in Figure 3.23.

 74. Uranium-238. The amount U  of uranium-238 
remaining after t  billion years of decay is given by

( )
1
2

0

/4.5

=






U t U
t

  where 0U  is the initial amount of uranium-238. 
What is the half-life of uranium-238? A graph 
showing the amount of uranium-238 remaining 
versus time is shown in Figure 3.24.

 75. A skydiver. The downward velocity of a skydiver is 
modeled by

= − −( ) 120(1 )0.29V t e t

  Here V  is measured in miles per hour, and t  is the 
time (in seconds) into the fall.

 a. Make a graph of the velocity versus time over 
the first 30 seconds of the fall.

 b. Terminal velocity is the fastest speed the 
skydiver will attain no matter how long the fall. 
Use your graph to estimate terminal velocity, 
and then use a limit to find the value exactly. 
Suggestion: The velocity after a long time 
approaches the limit of ( )V t  as → ∞t .

 c. The value you found in part b determines a 
horizontal asymptote for the graph from part 
a — that is, a horizontal line that the graph 
approaches for large values of t. Add the 
asymptote to the graph.

 76. The hanging chain. If a chain is suspended by its 
ends between two points, it will take the shape of a 
catenary curve, which is the graph of

2
/ /( )= + −y

a
e ex a x a

  for some constant > 0a . Plot the catenary curves 
for = 10, 15,a  and 20. Make all three plots on the 
horizontal span from −10 to 10.

 77. Making ice. An ice tray filled with water at room 
temperature is placed in a freezer. The temperature 
T  of the water t  minutes later is given by

= + °−( ) 5 70 Fahrenheit0.04T t e t

 a. Has the water temperature reached °32  
Fahrenheit after 30 minutes?

 b. Make a graph of the temperature of the water 
in the tray over the first hour.

 c. What is room temperature? Suggestion: 
Remember that the water in the tray is initially 
at room temperature.

 d. What is the temperature inside the freezer? 
Suggestion: After a long time (think of the limit 
as → ∞t ), the temperature of the water will 
approach the temperature of the freezer.

 e. The value you found in part d determines a 
horizontal asymptote of the graph — that is, 
a horizontal line that the graph approaches 
for large values of t. Add the asymptote to the 
graph you made in part b.

Figure 3.23 Soda prices
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    78.    Logistic growth.  Logistic functions such as 

  ( )
1000

1 20 0.3
=

+ −
N t

e t
   are often used to model 

population growth. Suppose a population is modeled 
by this function, with time   t    measured in years.

    a.   Plot the graph of the population over the first 
30 years.  

   b.   Describe the growth of the population over the 
30-year period.  

   c.   Logistic population growth always has a 
limiting value, known as the environmental 
carrying capacity. It is the largest population 
that the environment can support. Find the 
value of the environmental carrying capacity for 
this population, and add the line corresponding 
to this value to your graph from part a.   

    79.    Average rate of change of    ex  .
    a.   Calculate the average rate of change of 

  =( )f x ex   from   =x t   to   = +x t h   for   ≠ 0h   .  
   b.   Factor your answer from part a to write the 

average rate of change of   =( )f x ex   from   =x t   
to   = +x t h   as a multiple of   et  .  

   c.   Use your answer from part b to calculate the 
average rate of change of   =( )f x ex   from   =x t   
to   = +x t h   as a multiple of   et    for   10 2= −h   , 
  = −10 3h   , and   = −10 4h   . Report your answers 
using six digits of accuracy.  

   d.   Use your answer from part c to describe what 
happens to the average rate of change of   =( )f x ex   
from   =x t   to   = +x t h   as the length of the interval 
gets very small — that is, when   h   is near zero.  

   e.   Use your answer from part d to find the 
instantaneous rate of change of   =( )f x ex   at   = .x t      

     80.   Exponential functions dominate power 
functions.  Fix   > 0c   . For any positive integer   x  , we 
can expand   +(1 )c x   using a formula known as the 
binomial expansion. Special cases are as follows:

    + = + +(1 ) 1 22 2c c c     

    + = + + +(1 ) 1 3 33 2 3c c c c     

    + = + + + +(1 ) 1 4 6 44 2 3 4c c c c c     

   For our purposes here, we need only part of the 
general formula: 

    + = + +(1 ) 1 Remainderc cxx     

   It turns out that if   x   is greater than 1, the 
“Remainder” is positive, so 

    + > +(1 ) 1c cxx     

 This is known as Bernoulli’s inequality. Bernoulli’s 
inequality holds whenever   x   is any real number 
greater than 1. 

    a.  In this section we stated that if   > 1,b    then we can 
make   bx   as large as we like by choosing   x   to be 
large. According to Bernoulli’s inequality, how large 
can we choose   x   in order to be sure that   > 1000bx   ?
Suggestion : Your answer should be of the form 

> Something that depends onx b

 First write   b   as   +1 c   (so   c b= 1 0− >   ), and then 
use Bernoulli’s inequality. 

    b.  We discussed in this section the fact that 
increasing exponential functions dominate 
power functions. That is, if   b 1>   , then   bx   is 
eventually larger than   xk   no matter what the 
value of   k   is. In this exercise we show why this 
is true. To get started, note that if   > 1b   , then 

= +1b c    for some positive number   c   , namely 
− 1b   . We establish the desired inequality in 

several steps. Throughout, we assume that   > 0k    
because otherwise the desired inequality is easy.
Step 1:  Assume that   > + 1x k   . Use Bernoulli’s 

inequality with exponent   
( 1)+

x
k

   to show that 

(1 ) 1
1

/( 1)+ > +
+

+c
cx

k
x k

 and deduce that 

(1 )
1

/( 1)+ >
+

+c
cx

k
x k

Step 2:  Show that 

(1 )
1

1
1+ >

+






+
+c

x
k

cx
k

k

       CHALLENGE EXERCISES FOR INDIVIDUALS OR GROUPS  

 3.2   Exercise Set 3.2    3.2   
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214 CHAPTER 3 Linear and Exponential Functions

 if   > + 1x k   .  Suggestion : Raise both sides of the 
inequality in step 1 to the power   + 1k   . 

Step 3:  Show that if   
1 1

>
+





+

x
k

c

k

   and 
> + 1x k   , then 

    
1

1
1

+






>
+

+x
k

c x
k

k k    

Suggestion : First use the fact that 

  
1 1

1
1

1

+






=
+







+
+

+x
k

c x x
c

k

k
k k

k

  . 

Step 4:  Complete the argument. That is, 
suppose that   > 1b    and   k   is given, and show that 

if   x   is greater than both   + 1k    and   
1
1

1+

−






+k
b

k

  , 

then we have   >b xx k  . 
    c.   The results of part b show us a way to 

make   bx   dominate   xk  . How large does part 
b tell us we can choose   x   to ensure that   3x   
will dominate   5x   ?   

    81.   From Section P.1:  Find the distance between the 
points   (1, 2)   and   −(3, 1)  .

     Answer :   13   
   82.   From Section P.3:  Solve the inequality   − ≤ 02x x   .
     Answer :   [0, 1]   

   83.   From Section 1.2:  If   ( )
1

=f x
x

  , find the average 

rate of change of   f    from   =x a    to   =x b  . Assume 
that   ≠a b  ,   ≠ 0a   , and   ≠ 0b   .

     Answer :   
1

−
ab

   

   84.   From Section 1.2:  Calculate the average rate 
of change of   = +( )f x mx b   from   =x p    to   =x q  . 
Assume that   ≠p q   .

     Answer :   m   
   85.   From Section 1.3:  If   f    is increasing and concave 

up, explain how   f    changes over its domain.
     Answer : The function   f    is increasing at an 

increasing rate. 
   86.   From Section 1.4:  Find the limit as   → ∞x    of 

  
4

2 1
=

+
y

x

  .

     Answer : 2

    87. From Section 2.2:  If   ( )
1

=f x
x

  , find a formula that 

gives the inverse function   ( )1−f x   .

Answer :   ( )
11 =−f x
x

   

   88. From Section 2.3:  Explain how to get the graph of 
−( )f x    from the graph of   ( )f x   .

Answer : The graph of   ( )−f x    is the graph of   ( )f x    
reflected about the vertical axis. 

   89.   From Section 3.1:  Find the equation of the 
linear function   ( )f x    so that   =(1) 4f    and   f    has 
slope 3.
Answer :   = +( ) 3 1f x x    

   90. From Section 3.1:  Find the equation of the secant 
line for   =( ) 2f x x    for the interval   [2, 4]  .
Answer :   = −6 8y x    

   91. From Section 3.1:  What is the slope of the linear 
function   ( )f x    such that   =(1) 5f    and   = −(7) 2f   ?

     Answer :   7
6

−         

      REVIEW AND REFRESH: Exercises from Previous Sections  

   3.1 Linear Functions: Constant Rate 
of Change  

   3.2 Exponential Functions: Constant 
Proportional Change  

   3.3 Modeling with Exponential 
Functions  

3     3.3  Modeling with Exponential Functions  

   Constant proportional change helps us recognize when exponential models 
are appropriate.   

In this section, you will learn to:  
    1.   Analyze exponential functions, taking into account that they exhibit constant percent-

age change.  
   2.   Apply exponential functions in everyday settings.    
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3.3   Modeling with Exponential Functions 215

 In this section we show applications of exponential functions in a range of settings, 
including population dynamics, inflation, and radioactive decay. Exponential functions 
are evident throughout mathematics, engineering, science, and industry — and espe-
cially prevalent in finance, where we will focus most of our examples. 

 Compound interest, where accrued interest is added to the principal, is virtually 
the only type of interest that any consumer or investor is likely to encounter, and 
compounding leads to exponential growth. That means virtually all substantial finan-
cial transactions you will ever make in your life involve exponential functions. This 
includes savings accounts, car loans, home mortgages, credit cards, student loans, cell 
phone contracts, and lots more. If you buy that sporty car you have your eye on, you 
might have to make monthly payments. The amount of your monthly payment is cal-
culated using exponential functions.  

    Constant Percentage Change   

   Constant proportional change can be thought of as constant percentage 
change, and this is the feature most often recognized in applications.   

 The most common descriptions of exponential functions in everyday life are given 
in terms of percentage increase or decrease. Suppose that you receive a 3% raise in 
salary each year. Then next year’s salary will be 103% of this year’s salary, which means 
we multiply the salary by 1.03: 

= ×New salary Old salary 1.03

 We learned in the previous section that constant proportional change leads to an 
exponential function. Thus, using   0S    for your initial salary, we can model the salary   S
after   t    years using 

= ×( ) 1.030S t S t

 Now imagine a job in which the salary decreases by 3% each year. So next year’s 
salary is 97% of this year’s salary: 

    = ×New salary Old salary 0.97    

 This equation indicates the salary model 

    = ×( ) 0.970S t S t    

 These ideas apply in any setting involving constant percentage change.   

3.3      

  CONCEPTS TO REMEMBER: Constant Percentage Change  

 In applications, constant (but not 0) percentage change 
typically indicates an exponential model,   y a=y a= bt  . 
•   A constant percentage increase of   r    as a decimal 

for each unit increase in   t    means that the base is 
1b r= +b r= +1b r1= +1= +b r= +1= +   , so

= +(1= +(1= + )y a= +y a= + r t

y

t
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216 CHAPTER 3 Linear and Exponential Functions

•            A constant percentage decrease of   r    as a decimal 
for each unit increase in   t    means that the base is 

1b r= −b r= −1b r1= −1= −b r= −1= −   , so

= −(1= −(1= − )y a= −y a= − r t

y

t

   EXTEND YOUR REACH   You see a news report about a population that grows by 2% each year. Explain 
briefly why an exponential model, not a linear model, would be appropriate for 
this population.   

      EXAMPLE   3.17  U.S. Population   

    a.   From 1800 through 1860, the U.S. population grew at an estimated rate of 3% per year. The population in 
1800 was about 5.34 million. Model the U.S. population from 1800 to 1860 using   t    to denote the time in 
years since 1800, and include a graph.  

   b.   If population growth had continued at this rate, what would be the U.S. population in 2020?    

   SOLUTION  

    a.  The yearly population growth rate of 3% is   = 0.03r    in decimal form, 
so the base for our model is

    = + =1 0.03 1.03b     

  Because the initial value is 5.34 million, we have the model 

    = ×( ) 5.34 1.03 millionN t t     

 The graph is in  Figure 3.25  .  
      b.  The year 2020 is 220 years since 1800. Thus, we use the value 

  = 220t    in our model to find the indicated population:

    
= ×

≈

(220) 5.34 1.03

3562.30 million

220N
    

 This value is about 3.6 billion, which is more than 10 times the 
current U.S. population. In fact, the percentage growth of the 
population slowed in the 1860s and never again reached the level of 
3% per year. The current population growth rate is less than 1% per year. 

      TRY IT YOURSELF 3.17 Brief answers provided at the end of the section.   

 In 2011, Latvia had a population of 2.1 million, but the population is declining by 1% each year. Find a model 
for the population of Latvia.     

      Figure   3.25      U.S. population from 1800 
to 1860   
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3.3   Modeling with Exponential Functions 217

     EXAMPLE   3.19  Uranium-238   

 As we saw in the preceding section, radioactive substances decay at a rate proportional to the amount present, 
and the half-life of such a substance is the time required for half of the substance to decay. The half-life of 
uranium-238 is 4.5 billion years. 

    a.   What percentage of an initial amount of uranium-238 will remain after 4.5 billion years? After 9 billion 
years? After 18 billion years?  

   b.   Make a model that gives the amount   U    of uranium-238 remaining after   h   half-lives. Use   0U    for the 
initial amount.    

   SOLUTION  

    a.   Because 4.5 billion years is one half-life, half or 50% of the original amount will remain after 4.5 billion 
years. Now 9 billion years amounts to an additional half-life, so during that period half again will decay, 
leaving 25% of the original amount. Similar reasoning tells us that after 18 billion years or four half-lives 
6.25% will remain.  

3.3      

     EXAMPLE   3.18  Inflation   

 Inflation is the percentage increase in the cost of a market basket of goods as defined by the U.S. Bureau of 
Labor Statistics. Inflation rates vary from year to year, but, for purposes of this example, let’s assume inflation 
from 2020 to 2040 to be a constant 2% per year. 

    a.   The cost of a suit in 2020 was $250. If the cost of the suit increases according to the inflation rate, make a 
model that gives the cost   C    of the suit   t    years after 2020.  

   b.   How much would this suit cost in 2040?    

   SOLUTION  

    a.  An increase of 2% each year expressed as a decimal is   = 0.02r   . This 
gives a base of

    = + =1 0.02 1.02b     

 The initial value of $250 leads to the following model for the cost   C   : 

    = ×( ) 250 1.02 dollarsC t t     

    b.  To find the cost in 2040, we use   = 20t    (because 2040 is 20 years 
after 2020):

    
= ×

≈

(20) 250 1.02

371.49 dollars

20C
    

 Thus, the suit would cost $371.49 in 2040. 

 A graph of suit cost versus time is shown in  Figure 3.26  . Note that the cost rises more rapidly as time passes. 

        TRY IT YOURSELF 3.18 Brief answers provided at the end of the section.   

 Find the cost of the suit in 2040 if inflation had been 4% per year rather than 2% per year.   

      Figure   3.26      Cost of a suit over time   
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218 CHAPTER 3 Linear and Exponential Functions

 b. For each half-life that passes, the amount is reduced by 50%, which 
is = 0.5r  as a decimal. This gives a base of = − =1 0.5 0.5b . The 
amount remaining after h half-lives is then

= × 0.50U U h

  A graph of the amount of uranium-238 versus time measured in 
half-lives is shown in Figure 3.27. The graph assumes an initial 
amount of 10 grams. Note that the amount remaining decreases 
more slowly as time passes.

TRY IT YOURSELF 3.19 Brief answers provided at the end of the section.

Cesium-135 is present in spent nuclear reactor fuel rods. Using 0C  as the initial amount, make a model of the 
amount C  remaining after h half-lives.

Figure 3.27 Amount of uranium-238 
remaining over time
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EXAMPLE 3.20 From Half-Lives to Minutes

The half-life of a drug is the time required for the amount in the bloodstream to reduce by half. Amoxicillin, 
a common antibiotic, has a half-life of 62 minutes. The amount of amoxicillin after h half-lives is given by 

= × 0.50A A h . Here 0A  is the initial amount.
 a. Adjust this model so that it gives the amount after t  minutes.
 b. If there are initially 70 milligrams of amoxicillin present, how much remains after 120 minutes?

SOLUTION

 a. Because one half-life is 62 minutes, 1 minute is 
1
62

 half-life. So t  minutes is 
62
t

 half-lives. This means that 

to convert half-lives to minutes, we replace h by 
62
t

 in the formula = × 0.50A A h . The resulting formula is

= × 0.50
/62A A t

 b. Because the initial amount is = 700A  milligrams, we use the model = ×70 0.5 /62A t  milligrams. We use 
= 120t  to find the amount remaining after 120 minutes:

= × ≈(120) 70 0.5 18.30 milligrams120/62A

TRY IT YOURSELF 3.20 Brief answers provided at the end of the section.

The half-life of a certain drug is 30 minutes. Find a formula that gives the amount C  of the drug present  
after t  minutes. Use 0C  for the initial amount.

EXTEND YOUR REACH The amount of a drug in the bloodstream decays according to an exponential 
function =y abt, where < 1b . For a certain drug, it is found that 10% of the 
original amount has decayed after 2 hours. What percentage has decayed after 
1 hour? Note that the correct answer is not 5%.
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3.3   Modeling with Exponential Functions 219

    Compound Interest   

   Compound interest arises in many financial transactions, and it is appro-
priately modeled by an exponential function.   

 When you invest in a savings account or borrow from a lending institution, 
there is a stated interest rate called the annual percentage rate (APR). But the sav-
ings institution usually compounds the interest on the balance. That is, when interest 
is accrued, it is added to your balance, and in the future interest is applied to the 
increased amount. 

 The accrued interest is added to the balance on a regular basis, called the com-
pounding period, which is often monthly or daily. If there are   n   periods per year, then 
each period an interest rate of 

Period rate
APR

=
n

 is applied. 
 Suppose, for example, that you use $5000 to open a savings account with the APR 

of 1.2%, and suppose interest is compounded monthly. Then   = 12n   , the interest rate is 
applied each month, and the monthly rate is 

Monthly rate
APR
12

1.2%
12

0.1%= = =

 A constant percentage increase of 0.1% per month indicates an exponential model 
with base   + =1 0.001 1.001  . The initial value is $5000, so we can find the balance 
of the savings account after   m   months using   = ×( ) 5000 1.001B m m    dollars. Because 
t    years is   12t    months, the balance after   t    years is given by 

    = ×( ) 5000 1.001 dollars12B t t     

 In general, the balance under compound interest is an exponential function. 
If the APR is written in decimal form, the percentage increase per compound-

ing period is the period rate   
APR

n
  . The formula for the balance is summarized in 

the following.   

   CONCEPTS TO REMEMBER: Compound Interest Formula  

 If the initial balance is   0B    and interest is compounded   n   times each year, then the 
balance after   t    years is given by 

( ) 1
APR

0= +1= +10= +0


= +


= +


= +


= += += +




= +


= += +


= +


= +


= += +


= +







B t( )B t( ) B= +B= +
n

nt

 Here the APR is in decimal form.  

3.3      

 Note that this formula and others in this section are sensitive to roundoff error, so 
it is best to keep all the decimal places rather than to enter parts of the formula that 
you have rounded. 
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220 CHAPTER 3 Linear and Exponential Functions

We can show graphically the effect of compounding. Figure 3.28 shows the balance 
over a 25-year period of two investments, one earning 6% annually with no com-
pounding (called simple interest), and the other earning an APR of 6% compounded 
monthly. (A rate of 6% is historically high, but we use it for illustration.) The straight 
line represents the first investment. As the graph indicates, the effect of compounding 
is greater over longer time periods.

Although many consumer transactions involve monthly compounding, other com-
pounding periods may be used as well. For example, daily compounding is often used 
for savings accounts.

Figure 3.28 Comparing simple interest 
with compound interest

t
0 5 10 15 20 25

5,000

10,000

15,000

20,000

25,000

B (t)

EXAMPLE 3.22 Calculating Growth for Other Compounding Periods

You invest $5000 in an account that pays compound interest with an APR of 2.4%. Make a table of values that 
shows the account balance after 10 years for each of the following compounding frequencies: semiannually, 
quarterly, monthly, and daily. Assume there are 365 days in every year.

EXAMPLE 3.21 Calculating Growth with Monthly Compounding

Suppose you deposit $10,000 in a savings account that pays 2.4% APR compounded monthly.
 a. Find a model that gives your account balance after t  years.
 b. Suppose you are saving for retirement, and you make an initial deposit of $10,000 when you are 25 years old. 

How much money is in your account when you reach age 65?

SOLUTION

 a. The APR as a decimal is 0.024, and the initial amount is = $10, 0000B . We are compounding monthly, so 
= 12n . If B denotes the balance in dollars after t  years, then

1
APR

10,000 1
0.024

12

10,000 1.002

0

12

12

= +






= +






= ×

B B
n

nt

t

t

 b. When you reach age 65, you will have saved for 40 years. So the balance is

B(40) 10,000 1.00212 40= × ×

  or about $26,091.94.

TRY IT YOURSELF 3.21 Brief answers provided at the end of the section.

You have an initial investment of $1000 that earns an APR of 1.8% compounded monthly. Find a model that 
gives the balance after t  years.
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3.3   Modeling with Exponential Functions 221

 What happens when the number of compounding periods gets larger and larger? 
Certainly the amount of money you earn increases, but is there any limit to the amount 
of this growth? What if you compound every hour (8760 times a year) or every minute 
(525,600 times a year)? If we imagine letting the number of compounding periods 
increase indefinitely, what happens to the interest we earn? This limiting situation is 
called continuous compounding. 

 To see what happens, we write   r   for the APR as a decimal and make the substitu-
tion   =n rk    in the account balance formula: 

1

1

1
1

0

0

0

= +






= +






= +
















B B
r
n

B
r
rk

B
k

nt

rkt

k rt

 We know from the previous section that   1
1

+






→
k

e
k

   as   → ∞k   . Hence, the limit-
ing value of the balance formula is 

    = 0B B ert    
 The special number   e   arises naturally in the context of compound interest, and the 

balance formula for continuous compounding is the simplest of the balance formulas.   

 ◂ Use the compound interest formula.

◂ Substitute rk for n.

◂ Simplify using Akp = (Ak)p. 

   SOLUTION  

 If there are   n   compounding periods in a year, then the balance after   t    years is 

    5000 1
0.024

dollars= +






B
n

nt

    

 To find the balance after   10   years, we use   = 10t    in this formula. We obtain the following table. 

 Frequency  Number   n   periods per year  Formula for   ( )B t       (10)B    

 Semiannually  2 
   
5000 1

0.024

2

2

+






t

   
 $6347.17 

 Quarterly  4    5000 1
0.024

4

4

+






t

    $6351.69 

 Monthly  12    5000 1
0.024

12

12

+






t

    $6354.72 

 Daily  365 
   
5000 1

0.024

365

365

+






t

   
 $6356.20 

    TRY IT YOURSELF 3.22 Brief answers provided at the end of the section.   

 Find the balance after 10 years if interest is compounded hourly.  

  CONCEPTS TO REMEMBER: Formula for Continuous Compounding  

 If an initial balance of   0B    is subject to an APR of   r   as a decimal, and if interest is 
compounded continuously, then the balance after   t    years is given by 

=( ) 0B t( )B t( ) B e0B e0
rt

3.3      
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222 CHAPTER 3 Linear and Exponential Functions

       EXAMPLE   3.23  Yearly versus Continuous Compounding   

 You invest $5000 in an account. For the sake of illustration, take the APR to be 6%. 
    a.   Find a formula that gives the balance   M   , in dollars, if interest is compounded yearly.  
   b.   Find a formula that gives the balance   C   , in dollars, if interest is compounded continuously.  
   c.   On the same coordinate axes, plot the graphs of   M    and   C    over a 50-year period.  
   d.   What do the graphs in part c tell you about yearly versus continuous compounding?    

   SOLUTION  

    a.  For yearly compounding, we use   = 1n    in the original compound 
interest formula:

    = × +5000 (1 0.06)M t    

    b.  For this part, we use   = 0.06r    in the formula involving 
continuous compounding:

    = 5000 0.06C e t     

    c.   The graphs are shown in  Figure 3.29  .
       d.   The graphs show that the balance grows faster with continuous 

compounding and that the difference is greater for longer-
term investments.   

    TRY IT YOURSELF 3.23 Brief answers provided at the end of the section.   

 What is the difference between the balances of the two accounts after 50 years?    

         Figure   3.29      Yearly versus 
continuous compounding   
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   Installment Loans  

   Installment loans are modeled by functions that are combinations of expo-
nential functions.   

 Most consumer loans — for buying a car or a home, for example — are installment 
loans. With an installment loan you make fixed monthly payments, but at the same 
time interest is accruing on the outstanding balance of your loan. This makes the cal-
culation of your monthly payment a bit complicated. The monthly payment   M  , in 
dollars, on an installment loan is given by the formula 

(1 )
((1 ) 1)

0=
+

+ −
M

B r r
r

p

p

• 
APR
12

=r    is the monthly interest rate as a decimal.  

• p    is the term of loan in months (the number of payments to be made).  
• 0B    is the amount borrowed, in dollars.   

 The derivation of this formula is in  Appendix 4 . Note that this formula is particu-
larly sensitive to roundoff error. 
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3.3   Modeling with Exponential Functions 223

     EXAMPLE   3.24  Calculating Your Monthly Payment   

 Suppose you secure a 30-year mortgage of $275,000 at an APR of 4.8%. 
    a.   What is your monthly payment?  
   b.   Compare the cost of the loan (the total interest paid) with the size of the mortgage.    

   SOLUTION  

    a.  The monthly rate as a decimal is

    Monthly rate
0.048

12
0.004= = =r     

 The amount borrowed is $275,000, so   275,0000 =B   . Also, 30 years is 360 months, so we put   = 360p    in the 
formula. The monthly payment is 

    

Monthly payment
(1 )

((1 ) 1)

275,000 0.004 1.004
(1.004 1)

0

360

360

= =
+

+ −

=
× ×

−

M
B r r

r

p

p

    

   To the nearest cent, this is $1442.83. 
    b.   You make 360 payments of $1442.83 for a total of   × =360 1442.83 519,418.80   dollars paid. All but $275,000 

of that is interest. This means that the loan costs $244,418.80, which is about 10% less than the amount borrowed.   

    TRY IT YOURSELF 3.24 Brief answers provided at the end of the section.   

 Many student loans are treated as installment loans. You borrow $10,000 at an APR of 6.6%, and you pay off the 
loan in 10 years. Find your monthly payment, and determine how much total interest you pay on this student loan.    

    Logistic Models   

   Logistic models may apply when factors limit continued exponential growth.   

 The (quite reasonable) assumption that the percentage growth rate of a population 
is approximately constant leads to the use of exponential functions to model population 
growth. But exponential functions with a base larger than 1 eventually show rapid growth. 

  STEP-BY-STEP STRATEGY: Monthly Payment Calculation

  Step 1  Calculate   r  , the monthly interest rate, as   r  , the monthly interest rate, as   r
APR
12

  . Take care to use the APR 
as a decimal and not to round   r  . r  . r

  Step 2  Calculate   p  , the term of the loan in months. Take care to multiply by 12 
if the term is given to you in years. 

  Step 3  Use   0B   , the amount borrowed, and the results of the steps above to cal-
culate   M  , the monthly payment: M  , the monthly payment: M

(1 )
((1 ) 1)

0=
+

+ −1 )+ −1 )
M

B r0B r0 r
1 )+ −1 )r1 )+ −1 )

p

p+ −p+ −

3.3      
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224 CHAPTER 3 Linear and Exponential Functions

Consequently, such a model will, in the long term, predict unrealistic population levels, so 
exponential models for population growth are useful only for limited time periods. 

 Professionals who study population dynamics use more realistic, and often more 
complicated, models. One important model, known as the logistic model, takes into 
account the environmental carrying capacity, which is the largest population the envi-
ronment can support. If the environmental carrying capacity is   K    individuals, then the 
logistic model for the population as a function of time   t    is 

    ( )
1

=
+ −

N t
K
be rt

    

 Here   1
0

= −b
K
N

  , where   0N    is the initial population, and   r   is the intrinsic per capita 

growth rate of the population. This number is known to biologists, aptly enough, as 
the   -r   value of the population. It is also called the relative growth rate. If   t    is measured 
in years, then   r   is measured as per year. A typical graph is shown in  Figure 3.30  .       Figure   3.30      A typical logistic graph   
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       EXAMPLE   3.25  The George Reserve   

 The deer population on the George Reserve in Michigan has been studied extensively.  The environmental 
carrying capacity of the reserve is about 177 deer, and the   -r   value for deer on this reserve is about 0.8 per year. 
Take the initial population to be 6 deer. 

    a.   Find a logistic model for the George Reserve deer population.  
   b.   Make a table of values, and sketch the graph of your model over the first 15 years. Include the line   =y K    

representing the environmental carrying capacity.    

   SOLUTION  

    a.  The initial population is   = 60N    deer, and the carrying capacity is 
  = 177K   . We use these values to find the constant   b  :

    1
28.5

0
=

−
=

b
K

N     

   Using the   -r   value of   0.8   per year, we obtain the formula 

     
( )

1
177

1 28.5 0.8

=
+

=
+

−

−

N t
K
be

e

rt

t

    

 Here the time   t    is measured in years. 
    b.   The following table is used to make the 

graph in  Figure 3.31  .

TRY IT YOURSELF 3.25 Brief answers provided at the end of the section.

 Describe in words how the deer population changes with time.     

         Figure   3.31      Deer population on 
the George Reserve   
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3.3   Modeling with Exponential Functions 225

    a.   Add to the graph in  Figure 3.31  the graph of the deer population if there 
were initially 230 deer on the reserve.  

   b.   Compare the two graphs from part a. How does the notion of 
environmental carrying capacity help to explain the similarities and 
differences between these two graphs?     

   EXTEND YOUR REACH  

     EXAMPLE   3.26  Finding Carrying Capacity   

  Assume that a population grows according to the logistic model 

1
=

+ −
N

K
be rt

 Show that the population will eventually approach the environmental carrying capacity   K  . That is, show that 
K    is the limit as   → ∞t    of   ( )N t   . (Assume that   r   is positive.)   

   SOLUTION  

  We know from the previous section that   →− 0e t    as   → ∞t   . Then, 

    as , 0 0
0

t e e ert t r t
r

r( )→ ∞ = → 



 = =− − −     

 We use this calculation to find the limit of   ( )N t   : 

    t
K
be

K

b e

K
b

K
rt rt

→ ∞
+

→
+

=
+ ×

=
− −

as ,
1 1 1 00     

 We conclude that   →( )N t K    as   → ∞t   .  

    TRY IT YOURSELF 3.26 Brief answers provided at the end of the section.   

 What is the limiting size of a population that grows according to   
2000

1 20 0.07
=

+ −
N

e t
  ?  

 Exponential functions are those having a constant proportional rate of change. 
Logistic functions can be characterized in terms of rates of change as well. If a pop-
ulation   N    is growing exponentially, its growth rate   G   is proportional to   N  , so we can 
write   =G rN    or 

    =
G
N

r     

 for some constant   r  . Thus, the per capita growth rate is constant. As we noted earlier, 
exponential growth is an unrealistic model for the long term. Logistic growth is a 
more realistic model. It assumes that the per capita growth rate decreases as a linear 
function of the population   N   . This model has the form 

1= −






G
N

r
N
K

 It says that the growth rate is 0 at the carrying capacity   K  , so the population will 
 stabilize there. 

3.3      
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226 CHAPTER 3 Linear and Exponential Functions

 3.17 = ×( ) 2.1 0.99N t t  million if t  is time in years 
since 2011

 3.18 $547.78
 3.19 = × 0.50C C h

 3.20 = × 0.50
/30C C t

 3.21 = ×( ) 1000 1.001512B t t  dollars
 3.22 $6356.24
 3.23 After 50 years, continuous compounding yields 

$8326.91 more than yearly compounding.

 3.24 The monthly payment is $114.06. Total interest 
paid is $3687.20.

 3.25 The graph shows that the population grew rapidly 
at first, but population growth slowed later. By 
year 10, the population neared the environmental 
 carrying capacity.

 3.26 The limiting size is 2000 individuals.

TRY IT YOURSELF ANSWERS

 1. Constant percentage change is indicative of what 
type of function?

 2. Constant percentage increase of r as a decimal 
indicates a function of what form?

 3. Constant percentage decrease of r as a decimal 
indicates a function of what form?

 4. In one half-life, the amount is cut in half. 
After two half-lives, how much of the original 
amount remains?

 5. The term used when accrued interest is  
periodically added to the principal is 
____________ interest.

 6. Consider an installment loan with monthly 
compounding of interest. On what three factors 
does the monthly payment depend?

 7. True or false: More frequent compounding 
increases accrued interest.

 8. True or false: When the number of compounding 
periods increases without bound, the interest 
accrued in a year also increases without bound.

 9. True or false: For a radioactive substance, the rate 
of decay is proportional to the amount present.

 10. True or false: Logistic population growth leads to 
arbitrarily large populations.

CHECK YOUR UNDERSTANDING

EXERCISE SET 3.3 

Constant percentage change. In Exercises 11 through 
16, find an exponential model that satisfies the 
given conditions.

 11. The initial value is 400. There is a constant 
percentage increase of 2% for each unit increase in t.

 12. The initial value is 500. There is a constant 
percentage decrease of 2% for each unit increase in t.

 13. The initial value is 600. There is a constant 
percentage decrease of 8% for each unit increase in t.

 14. The initial value is 400. There is a constant 
percentage increase of 13% for each unit increase in t.

 15. The initial amount is 0y . There is a constant 
percentage increase of 7% for each unit increase in t.

 16. The initial value is 0y . There is a constant 
percentage decrease of 12% for each unit increase 
in t.

Half-life. In Exercises 17 through 20, find an exponential 
model that satisfies the given conditions. Write the model 
first as a function of the half-life, then as a function of the 
given unit of time.

 17. The initial value is 200. The half-life is 8 years.
 18. The initial value is 18. The half-life is 6 minutes.
 19. The initial value is 10. The half-life is one-third of 

a day.
 20. The initial value is 0y . The half-life is 12 years.

SKILL BUILDING
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  Compound interest.  In Exercises 21 through 28, find 
a function that gives the balance   B   of the given invest-
ment in terms of the time   t    in years. Use   0B    for the 
initial balance. 

    21.   APR of 1.8% compounded monthly  
   22.   APR of 0.6% compounded monthly  
   23.   APR of 0.6% compounded semiannually  
   24.   APR of 0.6% compounded quarterly  
   25.   APR of 0.6% compounded continuously  
   26.   APR of 1% compounded continuously  
   27.   APR of   r   as a decimal compounded continuously  
   28.   APR of   r   as a decimal compounded   n   times per year   

  Using the monthly payment formula.  In Exercises 29 
through 32, calculate the monthly payment for the indi-
cated loan. Round your answers to the nearest cent. 

    29.   You borrow $5000 at an APR of 6% and repay the 
loan in 24 payments.  

   30.   You borrow $8000 at an APR of 4% and repay 
the loan in 36 payments. (Remember not to round 

  r   — leave it as   
0.04
12

  .)  

   31.   You borrow $250,000 at an APR of 3% and repay 
the loan over a 30-year period.  

   32.   You borrow $124,000 at an APR of 5% and repay 
the loan over a 20-year period.   

  Matching.  In Exercise 33 through 38, match the graph 
with the exponential function   =y abt   that has the indi-
cated property in the following list: 

    A.   Constant decrease of 50% per unit of time  
   B.   Half-life of 4  
   C.   Doubles when   t    increases by 3  
   D.   Initial value of 200  
   E.   Constant increase of 50% per unit of time  
   F.     =(2) 200y      
    33.   

t
2 4 6 8 10

y

400

300

200

100

              34. 

t
2 4 6 8 10

y

400

300

200

100

              35. 

t
1 2 3 4 5

y

400

500

300

200

100

  

              36. 

t
1 2 3 4 5

y

400

500

300

200

100

  

              37. 

t
1 2 3 4 5

y

400

500

300

200

100

  

3.3   Exercise Set3.3      
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228 CHAPTER 3 Linear and Exponential Functions

 38. 

t
1 2 3 4 5

y

400

500

300

200

100

 39. A growing population. A population is growing 
at a rate of 3% per year. Using 0N  for the initial 
population, find an exponential function N  that 
models the population as a function of the time t  
in years.

 40. A declining population. A population is 
decreasing by 4% per year. Using 0N  for initial 
population, find an exponential function N  that 
models the population as a function of the time t  
in years.

 41. Radioactive decay. A radioactive substance decays 
at a rate of 2% per year.

 a. Using 0A  for the initial amount, find an 
exponential function ( )A t  that gives the amount 
after t  years.

 b. If there are initially 20 grams present, how 
much remains after 3 years?

 42. Removing chlorine. A cleaning process reduces 
the amount of chlorine in contaminated water by 
4% per hour.

 a. Using 0C  for the initial amount of chlorine, 
find an exponential function ( )C t  that gives the 
amount of chlorine remaining after t  hours.

 b. Make a graph of the amount of chlorine 
remaining if there are initially 55 grams in the 
water. Your graph should cover the first 30 
hours of the cleaning process.

 43. Salary. If your initial salary is $50,000 per year and 
you get a 5% raise each year, find a formula that 
gives your salary in dollars after t  years. What is 
your salary after 10 years?

 44. Toxic waste. There are originally 8000 grams 
of a toxic substance in a dangerous waste site. 

The result of a cleanup operation is to decrease 
the amount remaining by 25% each week. Make 
a model of the amount T , in grams, of the toxic 
substance remaining after t  weeks. How much is 
left after 3 weeks of cleanup?

 45. Inflation. Suppose that inflation remains at a 
constant rate of 3% per year. How much will a suit 
that costs $500 today cost in 10 years?

 46. A skydiver. The terminal velocity for an object 
dropped near the surface of Earth is the maximum 
downward velocity that will be attained by the 
falling object. For a man of average size, the 
terminal velocity is about 176 feet per second. Let 

( )V t  denote the downward velocity, in feet per 
second, t  seconds into the fall of a skydiver who 
has not opened his parachute. It is found that the 
difference = −176D V  decreases by 25% each 
second. We assume that the initial velocity is 0, so 
the initial value of D  is 176 feet per second.

 a. Find a model of the form =D abt  for D  as a 
function of t.

 b. Find a formula for V  in terms of t.
 c. What is the skydiver’s downward velocity 

10 seconds into the fall?
 47. Newton’s law of cooling. A hot pan is removed 

from an oven and left in the open air to cool. 
Let t  denote the time in minutes after the pan is 
removed from the oven, and let ( )D t  denote the 
difference between the temperature ( )T t  of the 
pan and the constant temperature A of the air. (All 
temperatures are measured in degrees Fahrenheit.) 
Thus, = −D T A. It is found that D  decreases by 
12% each minute.

MODELS AND APPLICATIONS
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    a.   Use   0D    to denote the initial temperature 
difference, and find an exponential model for   D
as a function of   t  .  

   b.   Use   0T    to denote the initial temperature, in 
degrees Fahrenheit, of the pan, and find a 
formula expressing   T    as a function of   t  .  

   c.   Find the value of   T    after 10 minutes. Your 
answer will depend on   A   and   0T   .   

     48. Spent fuel rods.  Cesium-137 is produced in 
nuclear power plants. Suppose we start with
30 million curies of cesium-137 in a storage
pool for spent fuel rods.  7 

    a.   Find a formula that gives the amount   C   , in 
millions of curies, of cesium-137 remaining 
after   h   half-lives.  

   b.   How much cesium-137 remains after 3.5 
half-lives?  

   c.   The half-life of cesium-137 is 30 years. How 
much cesium-137 remains in the pool after 
20 years?   

      49. A student loan.  You take out a student loan of 
$12,000 at an APR of 5% and pay it back over 
10 years as an installment loan. What is your 
monthly payment? How much total do you pay 
in interest?  

   50. A larger student loan.  You take out a student 
loan of $30,000 at an APR of 6% and pay it back 
over 10 years as an installment loan. What is your 
monthly payment? How much in total do you pay 
in interest?  

   51. Comparing rates.  Let’s consider a $200,000 
mortgage with a term of 30 years. Historical 
interest rates on mortgages have varied 
dramatically, and these can make a significant 
difference in monthly payment. In your 
calculations, remember not to round the monthly 
interest rate.

    a.   In 1981, the APR for such a mortgage reached 
18%, a historic high. What would be your 
monthly payment if you secured this mortgage 
in 1981?  

   b.   In 2000, the APR was about 8%. What would 
be your monthly payment if you secured this 
mortgage in 2000?  

   c.   In 2012, the APR reached a historic low of 
about 3.5%. What would be your monthly 
payment if you secured this mortgage in 2012?   

     52. Comparing loan terms.  Although a common term 
for a home mortgage is 30 years, some mortgages 
are for shorter periods. Suppose we secure a 
mortgage of $320,000 at an APR of 5%. (The 
APR may change with the term of the loan, but in 
this exercise we assume that it does not.) In your 

calculations, remember not to round   
0.05
12

=r   .

    a.   Calculate your monthly payment and the total 
interest paid if the term is 30 years.  

   b.   Calculate your monthly payment and the total 
interest paid if the term is 20 years.  

   c.   Calculate your monthly payment and the total 
interest paid if the term is 10 years.   

     53.    Tax deductions.  The interest paid on a home 
mortgage is deductible from your federal income 
tax. The actual value of your deduction depends on 
your marginal tax rate, which is the additional tax 
you pay on additional income. In this problem, we 
take the marginal tax rate to be 30%. In this case, 
a tax deduction of $1 will reduce your tax liability 
by 30 cents. Suppose you borrow $170,000 to 
buy a home at an APR of 6% and the term of the 
mortgage is 30 years.

    a.   What is your monthly payment?  
   b.   How much interest do you pay over the life of 

the loan?  
   c.   How much do you save in taxes over the life of 

the loan, assuming your marginal tax rate is 30%?  
   d.   Taking into account tax savings, what is the total 

cost of the home? (This is the cost of the home 
plus the interest paid minus the tax saved.)   

     54.   Equity.  When your home is mortgaged, its value 
is shared between you and the lending institution. 
Your equity in the home is the part of the initial 
amount borrowed that you have paid. It is the 
part of the value of the home that you own. (Here 
we are ignoring your down payment.) If   0B    is 
the initial amount borrowed, the monthly rate is 

 7  One curie is 37 billion disintegrations per second, or approximately the 
radioactivity of 1 gram of radium. 

3.3   Exercise Set3.3      
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230 CHAPTER 3 Linear and Exponential Functions

r as a decimal, and the term of the mortgage is 
p  months, then after k monthly payments your 
equity is given by

(1 ) 1
((1 ) 1)

0=
+ −

+ −
E B

r
r

k

p

  Suppose you have a 30-year mortgage of $330,000 
at an APR of 6%. What is your equity after 15 
years of payments? Is it half the value of the home?

 55. Rebate or dealer financing. You need to borrow 
$29,000 to purchase a new car. You can get dealer 
financing at 4% APR, or you can take a rebate of 
$3000 and arrange your own financing. If you take 
the rebate you will need to borrow only $26,000 
from your bank, but the bank’s rate is 6% APR. 
With either option, you pay off the loan in 4 years. 
In your calculations, remember not to round the 
monthly interest rate.

 a. What is your monthly payment if you take 
dealer financing?

 b. What is your monthly payment if you take 
the rebate?

 c. Which choice is better?
 d. Which choice would be better if the bank’s rate 

were 10%?
 56. How much can I borrow?

 a. Your budget will allow you to make a monthly 
payment of M  dollars for a term of t  months. If 
the monthly interest rate is m as a decimal, find 
a formula that gives the amount 0B  in dollars 
that you can afford to borrow. Suggestion: Solve 
the monthly payment formula for 0B .

 b. Use the results from part a to determine how 
much you can afford to borrow if you can 
make payments of $275 per month for 3 years. 
Assume that the APR is 6%.

Logistic functions.
 57. Northern Yellowstone elk. The carrying capacity 

for elk in the northern range of Yellowstone 
National Park was found8 to be about 13,000. The 
-r value of this population was estimated to be about 

0.45 per year. Take the initial population to be 3250.
 a. Make a logistic model that gives the number E  

of elk after t  years.

 b. Make a graph of the elk population over the 
first 20 years. Include the horizontal line 
representing the carrying capacity.

 58. Varying initial populations. A certain population 
grows according to the model

200
1 0.4

=
+ −

N
be t

 a. Find a formula for the model if the initial 
population is 50.

 b. Find a formula for the model if the initial 
population is 200.

 c. Find a formula for the model if the initial 
population is 400.

 d. Produce a picture showing the graphs of the 
three preceding models. Explain in words how 
the population changes for each of the three 
initial populations.

 59. An epidemic. In a city of 2 million, there are 
initially 400 cases of flu. The cumulative number of 
infected individuals can be modeled using a logistic 
function. The −r value for this model is 0.3 per 
week. It is estimated that preventive measures can 
limit the cumulative number of flu cases to one-
quarter of the total population.

 a. Make a logistic model that shows the 
cumulative number of flu cases t  weeks after the 
outbreak of the epidemic.

 b. Plot the graph of the cumulative number of flu 
cases versus the time in weeks. Include the first 
40 weeks of the epidemic. Add a target level of 

250,000=y  to your graph.
 c. Estimate from the graph in part b how long it 

takes for the cumulative number of flu cases to 
reach 250,000.

 60. Tuberculosis. The following model gives the 
approximate number of deaths due to tuberculosis 
as a fraction of all deaths in the United States t  
years after 1875:

0.13
1 0.07 0.05

=
+

T
e t

  Note that the -r value here is negative, which 
leads to a positive exponent of e. The graph 
of such a model is known as an inverted  
logistic curve.

8This exercise uses data from the study by Douglas B. Houston in The 
Northern Yellowstone Elk, Macmillan, New York, 1982.
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    a.   Plot the graph of   T    over 150 years.  
   b.   Judging from your plot, what is the limit of   T

as   → ∞t   ?  
   c.   Explain what the number you found in part b 

means in terms of the fraction of deaths caused 
by tuberculosis in the United States.   

Savings plans.  At the end of each month, you deposit   K
dollars into an account that pays a monthly rate of   r   as a 
decimal. It can be shown that the balance   B   in dollars of 
the account after   n   months is 

( )
(1 ) 1

dollars=
+ −







B n K

r
r

n

 For Exercises 61 through 64, use this formula. 
    61. Saving for a computer.  To save for a computer, 

you deposit $150 at the end of each month into an 
account that pays 2.4% APR compounded monthly. 
How much do you have at the end of the year?  

   62. A retirement account.  At age 25, you begin 
depositing $175 at the end of each month into 
an account that pays 2.4% APR compounded 
monthly. How much money will you have by 
age 65?  

   63. Employer contributions.  At age 25, you begin 
depositing $175 at the end of each month into 
an account that pays 2.4% APR compounded 
monthly. Your employer matches your 

contributions dollar for dollar. How much money 
will you have by age 65?  

   64. Just a bit more.  Suppose that in the situation 
described in the preceding exercise, you deposit an 
extra $25 per month, but the extra amount is not 
matched by your employer. How much money will 
you have by age 65? How much will you have by 
age 70?  

65. An amortization table.  Suppose you borrow   0B    
dollars at a monthly interest rate of   r   as a decimal, 
and the loan is scheduled to be paid off in   p    
monthly payments. The balance you still owe after 
k   payments is given by

( )
(1 ) (1 )

((1 ) 1)
dollars0=

+ − +

+ −
B k B

r r
r

p k

p

 An amortization table shows the remaining 
balance of a loan after each payment. Suppose you 
borrow $12,000 at an APR of 5% and repay the 
loan over a period of 24 months. Use a spreadsheet 
to make an amortization table that shows the 
balance after each of the first 10 payments. 

    66. Finding a suitable rate.  You borrow $5000 and 
repay it in monthly payments over a 3-year period. 
You can afford a monthly payment of $155.67. 
What is the maximum APR will you need to find 
to make an affordable monthly payment?    

    67.    Exponential population growth.  It is common to 
use an exponential model for population growth, at 
least over the short term. This practice is based on 
the following assumptions:

•    Each year approximately the same percentage 
of the population will die.  

•   Each year there is approximately the same 
percentage of births.   

    a.   Explain why these assumptions indicate that 
it is appropriate to model the population using 
a multiple of an exponential function. (Ignore 
both immigration and emigration.)  

   b.   Let   d    be the percentage (as a decimal) of 
deaths and   b   the percentage (as a decimal) of 
births each year. Use   0N    to denote the initial 

population, and find an exponential model that 
describes the population.  

   c.   Assume that the population is actually growing 
(rather than declining), and explain why it is 
unreasonable to expect the population to grow 
exponentially over a long period of time.   

     68. Logistic growth rate.  At the end of the discussion 
of logistic functions, we stated the logistic model 
in terms of rates of change. If the population size is 
N    and its growth rate is   G  , the model says

    1= −






G
N

r
N
K

    

 Here   K    is the carrying capacity. A straight-line 
graph showing the per capita growth rate   /G N    in 

   CHALLENGE EXERCISES FOR INDIVIDUALS OR GROUPS  

3.3   Exercise Set3.3      

04_crauderprecal1e_1581_ch03_181-239_5PP.indd   231 11/03/20   1:04 PM

Copyright ©2022 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



232 CHAPTER 3 Linear and Exponential Functions

terms of the population N  is in Figure 3.32. Note 
the two points (0, )r  and ( , 0)K  representing the 
intercepts of the line with the axes.

 a. Find the slope of the line in Figure 3.32 in 
terms of r and K.

 b. Scientists measure the per capita growth rates 
as a certain population varies and calculate the 

regression line giving 
G
N

 in terms of N . The 

slope of this line is −0.012, and the vertical 
intercept (or initial value) is 0.24. Use this 
information and your answer to part a to find 
the carrying capacity K.

Figure 3.32 A graph of per capita 
growth rate as a function of population

(0, r )

(K, 0)
N

G/N

Pe
r 

ca
pi

ta
 g

ro
w

th
 r

at
e

Population

 69. From Section P.2: Solve the inequality | 2 | 4− ≥x .
  Answer: ( , 2) [6, ]−∞ − ∪ ∞
 70. From Section 1.1: If =( ) 7f x  for all x, find the 

value of (4)f .
  Answer: 7
 71. From Section 1.3: True or false: If the function 

f  has a local maximum at = 1x , then (1)f  is the 
largest value the function ever has.

  Answer: False. It’s the largest value taken near 
= 1x , but f  might take larger values farther away 

from = 1x .
 72. From Section 1.3: For a certain object, the graph 

of its temperature versus time is decreasing and 
concave up. This means that the object is (a) 
warming at an increasing rate, (b) warming at a 
decreasing rate, (c) cooling at an increasing rate, or 
(d) cooling at a decreasing rate.

  Answer: (d)
 73. From Section 1.4: Find the limit as → ∞x  of 

3
1
2

= −y
x

.

  Answer: 3

 74. From Section 1.4: Find the limit as x approaches 

∞ of ( )
2

1 3
=

+
f x

x
x

.

  Answer: 
2
3

 75. From Section 1.4: Suppose that ( )f x  is a function 
with the property that → ∞( )f x  as → ∞x . Is there 
necessarily a solution x of the inequality >( ) 800 ?f x

  Answer: Yes, because ( )f x  can be made as large as 
we like by choosing x sufficiently large.

 76. From Section 2.1: If ( )
2

=f x
x

 for ≠ 0x , calculate 
( )( )�f f x .

  Answer: ( )( )� =f f x x
 77. From Section 2.1: If = +( ) 12h x x , find functions 

( )f x  and ( )g x  so that ( ) ( )( )�=h x f g x .

  Answer: One solution is =( )f x x  and 
= +( ) 12g x x .

 78. From Section 2.1: If ( )
2

3
=

+
f x

x
, find functions 

g  and h so that = �f g h .

  Answer: One solution is ( )
2

=g x
x

 and = +( ) 3h x x.

 79. From Section 2.2: If ( )
1

=
+

f x
x

x
, find a formula 

for − ( )1f x .

  Answer: ( )
1

1 =
−

−f x x
x

 80. From Section 2.3: The graph of + +1 ( 1)f x  is the 
same as the graph of f  shifted by (a) 1 unit up 
and 1 unit to the right, (b) 1 unit up and 1 unit to 
the left, (c) 1 unit down and 1 unit to the right, or 
(d) 1 unit down and 1 unit to the left.

  Answer: (b)

REVIEW AND REFRESH: Exercises from Previous Sections
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   81.   From Section 3.1:  Find a formula for the linear 
function   ( )f x    so that   =(4) 0f    and   =(1) 2f   .

     Answer :   
2
3

8
3

= − +y x    

   82.   From Section 3.2:  Find a formula for the 
exponential function   ( )f t    with base 7 and initial 
value 2.

     Answer :   =( ) 2(7 )f t t    
   83.   From Section 3.2:  Find a formula for the 

exponential function   ( )f x    so that   =(0) 3f    and   f    
is multiplied by 5 when   x   is increased by 1.

     Answer :   =( ) 3(5 )f x x    

   84. From Section 3.2:  Calculate the limit as   → ∞x    of 
  = −y e x  .
Answer : 0 

   85. From Section 3.2:  Find a formula for the 
exponential function   ( )f x    so that   =(1) 6f    and 

=(2) 18f   .
Answer :   =( ) 2(3 )f x x              

3.3   Exercise Set3.3      

04_crauderprecal1e_1581_ch03_181-239_5PP.indd   233 11/03/20   1:04 PM

Copyright ©2022 W.H. Freeman Publishers. Distributed by W.H. Freeman Publishers. Not for redistribution. 



234 CHAPTER 3 Linear and Exponential Functions

 CHAPTER ROADMAP AND STUDY GUIDE 

RATES OF CHANGE

Linear and 
Exponential 

Functions

P 321 4 5
6C
OR

6T
7 8 9 10

TRIGONOMETRY

BASICS OF FUNCTIONS GEOMETRY
RATES OF 
CHANGE

FOUR MAJOR CLASSES
OF FUNCTIONS

 Constant Rate of Change 
 Constant Percentage Change 

 Installment Loans 

 Constant Proportional Change 

 Graphs of Exponential Functions 

 The Special Number   e   

 Rapidity of Exponential Growth 

 Graphs of Linear Functions  Compound Interest 

 Logistic Models 

    3.2  Exponential Functions: 
Constant Proportional 
Change  

    3.3  Modeling with 
Exponential Functions  

  Linear functions are widely used 
as models because they are the 
functions that show a constant rate 
of change.  

  Constant proportional change helps 
us recognize when exponential 
models are appropriate.  

  The average rate of change of a 
linear function does not depend 
on the interval over which it is 
calculated.  

  Constant proportional change 
can be thought of as constant 
percentage change, and this 
is the feature most often 
recognized in applications.  

  Installment loans are 
modeled by functions 
that are combinations of 
exponential functions.  

  Constant proportional change 
means that the rate of change 
is proportional to the function. 
Intuitively, these functions 
change by constant multiples.  

  Graphs of increasing exponential 
functions show rapid growth at 
the right tail end but approach 
the   -x   axis at the left tail end.  

  The special number   e   is the 
base for the natural exponential 
function.  

  In the long term, increasing 
exponential functions 
grow more rapidly than 
power functions.   

  The graph of a linear function is 
a straight line.  

  Compound interest arises in 
many financial transactions, 
and it is appropriately modeled 
by an exponential function.  

  Logistic models may apply 
when factors limit continued 
exponential growth.    

  Exponential functions are used to 
model rapid increase or decrease 
because they show a constant 
proportional rate of change.  

    MODELS AND 
APPLICATIONS

   MODELS AND 
APPLICATIONS

  MODELS AND 
APPLICATIONS

Exponential Growth and Decay  

Temperature Conversion and More  

Regression Lines    

 3.1  Linear Functions: 
Constant Rate of Change  
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CHAPTER QUIZ

 1. Let ( )f x  be a linear function with rate of change −2. If =(4) 10f , find (2)f .  XR  Example 3.3

  Answer: =(2) 14f

 2. Find the equation of the secant line for = 3y x  for the interval [1, 3].  XR  Example 3.4

  Answer: = −13 12y x

 3. Scientists have determined that the running speed S , in centimeters per second,  
of ants depends on the temperature C , in degrees Celsius. It is found that  
each °1  increase in temperature results in an increase of 0.2 centimeter per  
second in running speed.

 a. Explain why the running speed of ants is a linear function of  
the temperature.

 b. At a temperature of °20  Celsius, ants run at a speed of 1.3 centimeters  
per second. Find a formula that gives the running speed as a linear  
function of the temperature.  XR  Example 3.6

  Answer:

 a. The rate of change is constant.

 b. = −0.2 2.7S C

 4. a.   Let ( )f x  be an exponential function such that + =( 1) 5 ( )f x f x  for all x.  
If =(0) 2f , find a formula for ( )f x .

 b. Let ( )g x  be an exponential function with =(1) 2g  and =(4) 16g . Find a  
formula for ( )g x .  XR  Example 3.11

  Answer:

 a. =( ) 2(5 )f x x

 b. =( ) 2g x x

 5. On the same coordinate axes, plot the graphs of =y ex and = − 5y ex .  XR  Example 3.13

  Answer:  

y 5 ex

y 5 ex 2 5

y

x

15

5

3212123 22

10

20

210

25

 6. The balance in dollars of a certain investment after t  months is given by

 =( ) 300 0.01B t e t

 a. What is the value of the investment at the end of a year?

 b. Plot the graph of the balance over the first 36 months.  XR  Example 3.15
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236 CHAPTER 3 Linear and Exponential Functions

  Answer:

 a. $338.25

 b. 

t
10 20 30

Months

100

200

300

B
al

an
ce

400

500

B (t)

 7. A certain radioactive substance decays according to the formula 
1
2

0

/10

=






R R
t

,  
where t  is measured in days.

 a. What is the half-life?

 b. How much remains after 40 days?  XR  Example 3.16

  Answer:

 a. 10 days

 b. 
1

16
0R

 8. The initial population in a certain country is 2.4 million. The rate of population  
growth is 4% per year. Find a population model of the form = ( )N a bt .  XR  Example 3.17

  Answer: = ×2.4 1.04N t million if t  is the time in years

 9. A radioactive substance has a half-life of 12 years. Using 0R  for the initial value,  
find a model for the amount R remaining in terms of the number of half-lives h.  XR  Example 3.19

  Answer: = ×( ) 0.50R h R h.

 10. Suppose you invest $5000 in an account that pays 1.8% APR compounded monthly.

 a. Find a model of the form =( ) ( )B t a bt  that gives your account balance after t  years.

 b. What is the account balance after 6 years?  XR  Example 3.21

  Answer:

 a. = ×( ) 5000 1.001512B t t dollars

 b. $5569.79

 11. Repeat the preceding exercise assuming continuous compounding rather than  
monthly compounding.  XR  Example 3.23

  Answer:

 a. = 5000 0.018B e t  dollars

 b. $5570.24

 12. You borrow $24,000 at an APR of 6% to buy a car. Find the monthly payment  
if the loan is to be paid off in 4 years.  XR  Example 3.24

  Answer: $563.64
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Section 3.1
Finding formulas. In Exercises 1 through 6, find a linear 
function f  that satisfies the given conditions.

 1. The initial value is 3, and the rate of change is 2.

  Answer: = +( ) 2 3f x x

 2. The initial value is 4, and the rate of change is −3.

  Answer: = − +( ) 3 4f x x

 3. The rate of change is 2, and =(1) 5f .

  Answer: = +( ) 2 3f x x

 4. The rate of change is −3, and =(2) 1f .

  Answer: = − +( ) 3 7f x x

 5. =(2) 3f  and =(3) 5f

  Answer: = −( ) 2 1f x x

 6. =(3) 0f  and =(6) 3f

  Answer: = −( ) 3f x x

Finding function values. In Exercises 7 through 10, 
information is given regarding a linear function. Use this 
information to calculate the indicated function value.

 7. =(2) 5f , and the rate of change is 3. Find (4)f .

  Answer: =(4) 11f

 8. =(3) 6f , and the rate of change is 2. Find (1)f .

  Answer: =(1) 2f

 9. =(2) 9f , and the rate of change is −3. Find (4)f .

  Answer: =(4) 3f

 10. =(2) 7f , and the rate of change is −2. Find (0)f .

  Answer: =(0) 11f

Proportionality. 
 11. Assume that y is proportional to x with a 

proportionality constant of 3. Find a formula that 
gives y in terms of x.

  Answer: = 3y x

 12. Express the formula for the circumference of a 
circle as a proportionality relation.

  Answer: The circumference is proportional to the 
radius (or diameter).

Linear equations.
 13. The temperature F  in degrees Fahrenheit can 

be calculated from the temperature C  in degrees 
Celsius using the formula

9
5

32= +F C

  Find a formula that gives C  in terms of F.

  Answer: 
5
9

( 32)= −C F

 14. The temperature T  in degrees Fahrenheit is a 
linear function of the number c  of cricket chirps 
per minute. Twenty-four chirps per minute 
corresponds to a temperature of °43  Fahrenheit. 
Each additional chirp per minute corresponds to 
an increase of °0.25  Fahrenheit. Find a formula 
that gives T  in terms of c.

  Answer: = +0.25 37T c

 15. What class of functions has a constant rate of change?

  Answer: Linear functions

 Chapter Review Exercises

CHAPTER REVIEW EXERCISES

 13. A certain population grows according to a logistic model. The intrinsic per capita  
growth rate is = 0.4r  per year, and the initial population is 700. The carrying  
capacity is 4900.

 a. Find a logistic model that gives the population after t  years.

 b. What is the population after 4 years? (Round to the nearest whole number.)  XR  Example 3.25

  Answer:

 a. 
4900

1 6 0.4
=

+ −
N

e t

 b. 2216
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238 CHAPTER 3 Linear and Exponential Functions

Section 3.2
F inding exponential functions. In Exercises 16 
through 20, find an exponential function ( )f x  with the  
given  properties.

 16. =(1) 6f  and =(3) 54f .

  Answer: = ×( ) 2 3f x x

 17. =(2) 1f  and (3)
1
2

=f .

  Answer: ( ) 4
1
2

= ×






f x
x

 18. =(2) 50f , and increasing x by 1 multiplies f  by 5.

  Answer: = ×( ) 2 5f x x

 19. =(1) 5f , and increasing x by 1 divides f  by 2.

  Answer: ( ) 10
1
2

= ×






f x
x

 20. =(2) 18f , and decreasing x by 1 divides f  by 3.

  Answer: = ×( ) 2 3f x x

Changing forms. In Exercises 21 through 25, write the 
given expression in the form ( )a bx .

 21. +2 31x x

  Answer: ×2 6x

 22. 
3
4

1

1

−

+

x

x

  Answer: 
1

12
3
4

×






x

 23. 
1
2e x

  Answer: ( )−2e
x

 24. ( )+2 1 2x

  Answer: ×4 4x

 25. π x

  Answer: π( )x

Plotting graphs.

 26. Plot the graph of =y ex.
  Answer:  

x
222

y

6

4

2

 27. Plot the graph of = −y e x.

  Answer:

x
222

y

6

4

2

Limit.

 28. What is the limit as → ∞x  of = −y e x?

  Answer: 0

Domain and range.

 29. What are the domain and range of =y ex?

  Answer: Domain � = −∞ ∞( , ). Range ∞(0, ).

 30. What are the domain and range of = −y e x?
  Answer: Domain � = −∞ ∞( , ). Range ∞(0, ).

Evaluating an exponential function.

 31. Accounting for raises, my salary after t  years is 
given by

75,000 1.06 dollars= ×S t

  Find my salary after 5 years of work.

  Answer: $100,366.92
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Section 3.3
Constant percentage change. In Exercises 32 through 
35, find an exponential function ( )y t  with the given 
 properties.

 32. The initial value is 2, and there is a constant 
percentage increase of 5% for each unit increase in t.

  Answer: = ×2 1.05y t

 33. The initial value is 500, and there is a constant 
percentage decrease of 5% for each unit increase in t.

  Answer: = ×500 0.95y t

 34. There is a constant percentage increase of 10% for 
each unit increase in t, and =(1) 3.3y .

  Answer: = ×3 1.1y t

 35. There is a constant percentage decrease of 10% for 
each unit increase in t, and =(2) 1.62y .

  Answer: = ×( ) 2 0.9y t t

Evaluating an exponential function. 

 36. Your initial salary is $50,000, and you have a 5% 
raise each year. What is your salary after 10 years?

  Answer: $81,444.73

 37. A certain radioactive substance has a half-life of 
500 years. Use 0A  for the initial amount.

 a. Find the amount A after h half-lives.

 b. Find the amount A after t  years.

  Answer:

 a. = ×( ) 0.50A h A h

 b. = ×( ) 0.50
/500A t A t

Exponential formulas.

 38. Find the balance B after t  years of an account with 
an initial balance of 0B  dollars if the APR is 1.2% 
and interest is compounded monthly.

  Answer: = × 1.0010
12B B t  dollars

 39. Find the monthly payment if you borrow $25,000 
at an APR of 6% and repay the loan in 36 
payments.

  Answer: $760.55

 40. You borrow $30,000 at an APR of 6% and repay 
it over 5 years. What is the monthly payment, and 
how much interest do you pay altogether?

  Answer: $579.98; $4798.80

Logistic function.

 41. A certain population is given by the 
logistic function

2450
1 4 0.07

=
+ −

N
e t

  where t  is measured in years. What is the 
population after 40 years?

  Answer: 1971

 Chapter Review Exercises
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